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Hello! 1Ym Ayo and today Ill be telling you abouk
hand le attachments in the study of skein lasagna modules

The lovely talks these past few days have given a great
introduction to skein lasagna modules, so we just need to stout

by introducing handles

A 4-D k -handle is a copy of D*x D", attached ko
a Y-mfld X" via an embedding Gk lx Dk < 9X

TODAY, we'll discuss how

(I) S%(x) 2 Sa(XuY-handle) where here, we omit mention
of a link in this notakion to indicate that we are considering Ehe
skein lasagna module of a manifold with respect to Ehe empty

link in its boundary. Note the results we’ll discuss today

generalize to statements for skein lasagna modules with respect to

arbitrary boundary links, but we avoid presenting this perspective

For simplicity.

() S2¢X) —» S2CX U 3-handle)

(ID S3¢B"U, 2-handle) ¢ a godget we'll define called the
cabled Khovanov -Rozansky homology of L KhR (L)
which is a cerboin quotient of an infinite direct sum of
Khovanov - Rozansky homologies of cables of L.

Again, we’ll formally define that |aker:



Oh,and this is All due to Manolescu-Neithalath /22

Now, consider o H-m§ld X’'= X v k-handle. Lek’s draw
a dimensionally reduced picture:

cocore
k-handle

X/

Heve, we’ll mark out the core and co- core of the handle.
The core then has | dim.k | , while the co-core has
dim. Y-k |.

Observe thak Ehe inclusion 2 : X <> X induces ~~> a. mapping
el STCX) = ST x) given by simply considering
a lasagna filling in X as a lasagna fillingin X',



Now, taking k€ 13,43, we have = o +dimcocore
—ad+(H-k)<H, so

bg ?,1., any ZRcXis isotopic to one in X\ cocare , which
we may cbserve deformakion retractsonto = X

2 any lasagna. filling in X’ can be isotoped to one in X

2 (I is proved O \/

Now,we can Consider an isotopy F between
52 S2cX’as a 3-submfld.of X/ x T,

As just noted before, we may isobope Z and 2 ko only lie in X.
Then, taking k=4, we hawe > 3 +(H4-k+1D <+,

so by :>f|\ F is isotopic to a 3-submfid. of

(X’ \ cocore) X T ; and we can arronge thak it corr. to an
isotopy bekween z,z.

= any surface isotopy in X’ can be done in X’\cocare % X.
= ony isobopy of lasagna fillings in X’ can be done in X

2 ix is inj. Cand thus aniso.)

> (D) is proved 7




So, we Now just have (1) left to show . To +his end,

take k=2 , X = B",

Let’s drow a dimensionally reduced picture:

cocore

Q (core) is then = some knot K

K

in S3, and the

pushoff of K into the core has some linking # we call

nw/ K.

X is then called =: the n-traceof K ,denoted by X (K.

Now, lek’s consider a surface > C X CKD.
We can arrange Z h cocore of the &-handle. Near the

cocore, Z will then look like some number of pasllel
copies of the core ; let s draw what that looks like



We can then continue to isotope Z unkil it looks like
parallel sheets outside a B =: B

[

X

(k)




2.0 JB will then be = some # k_ of - ori. copies of K

1L some # WK, of +ori.copies of K
We call this link = K(k_, k). As anunorenfed link , this
is an example of a cable of K.

Considen'ng ony lasagna filling F:=(Z,1(B;,v;)%) of Xa(K)
w/ surface 2 M cocore , input badls B; and

Khovanov - Rozansky lokelings v; ,

we con then —> isobope Bj o lieinB and 2 ko look like (),
looking like parallel copies of the core in the Q-handle.

2 gives rise to —> a cob. from UIB;nZ to KCk_,k,),
and considering the induced ackion of this cobordism an

the Khovanov -Rozansky labelings v; then gives

— anelt. we‘ll call UCF) of KhR,CK(K_, k)

Now, we‘re on our way to getting an isomorphism between

the skein lasagna moodule and some object built from Khovanov

- Rozansky homologies of cables of K.

However, this process is Not yek well-defined on S3(XaCK))

- for example, we could perform an operation we call

(a) — we Could braid together sheeks of Z Eo change €(F) by
the induced cob. map on KhRo(CKCK- ;k4)

Leb’s draw what this could look. like...



[

Then, @(F) = (broid cob.) x @(F), so Ehese kwo equivalent
lasagna Fillings can, under this map @, give us different
Khovanov - Rozansky labelings.

We’tl denote by

Cb) another way to produce such fillings showing € is nok yet
well-defined on the skein lasagna module. Specifically , we con
Add a pair of opp. ori. sheeks to Z o change ®CF) by a map
KhRgCKCk_ k) = KhRgCKCk_+  ky+1))

Informally , we can do this by introducing a. disjoint: Q-sphere to
Z in the input ball, then shretching it through the -handle to
creakte Q new parallel sheets. Let ‘s draw this procedure:



DD
CBEE

OF course, we could olso take this - sphere to be dotted ;

this would add a dokt to one of the two sheets and change bhe
way this operotion albers the Khovanov-Rozansky labeling we end
up with

So, weve described operations showing +hok our map € we defined
on lasagna. fillings Cwhose surfaces are arrunged o be Eransverse
to the cocore)



is not well-defined on eguivalence classes of lasagna fillings. However;
note thak neitherof these two operations changed the difference
k. —k_ between the numbers of positively and negatively oriented
sheets : Ca) keeps both the same, while (b) adds one of each.
There is a homological reason for this. Specifically,

k,-k- = *f,’}“;s h cooore -'f:}"zes t coore = [ 7 ]

€ Ha( Xa(K); D) and LZ] is the same for any lasagna filling
equiv. toF, as all surfaces of elements of this

equivalence class are,, by definition, homologous rel some collection
of balls.

Then, witing ot:=k -k = L2,

any KhR lakeling resulting from this pracess © applied to( FerF1)

lies in g‘KhRa(K(r min(di,0), r + max(ol,0))
r

Let’s write | o~ | and 0!24- for the min ond mox of ot and O
respechively.

We can also see that as a map { fillings w/LZT=a§

= @ KhRy(K(r-a’yr+d®)), @€ is surj. through the following':
Pick | V|,s0 3 r2lotl st. vE KhRaCKCr, r+ o D). Then,
Consider the lasagna filling F, w/ input ball B slighHly smaller
than the O-handle, surface Z, r -orisheets, r+ld| + or sheets
(soL2 J=at), ond KhR labeling v.




Then, WY(F,)=v,s0% IS surj. as a map A
from lasagna fillings with surfoce having relative second homology ot
to this infinite direct sum of Khovanov - Rozansky homologies of
these cables of K. Now, say v = '€(F) for some lasagna filling .
Running the procedure € in reverse shows F, is eguivalent to F in

the skein lasagna module.

> can recover [F] from any v€ ¢ ([F])

= the subsets @ (LF 1) are disjoint

= they define an eguiv. rel. ~¢ on r?NKhRaC KCr-o&,r+at))

Therefore, Tefining the (cabled KhR homolagy >

KhRa(K,a) := ® KhRCK(r-o rta* Ni-(artldl) ?
réem /N,e

with a. grading shift we won't think too hard abovt now,

we gek an isomorphism S§C XnCK)Y,00) 2 KhR (K ,00),

exacHy proving ovr lastpoink (TIL)




Now, note thak we‘re not guite done if we wankt to use

this in prackice becavse we haventt-described this equivalence
relokion ~¢ veny explicitly.

Manolescu and Neithalakh do Hhis formally in +heir paper

In specific, recall the operotions (a)

and (b) we discussed which broid the sheets of a lasagna filling
and add opposibely -oriented sheets. Manolescu and Neithaloth
discussed how the relakions these induce on the infinite direct sum
of Khovanov-Rezansky homologies exacHy generate the desired
equivalence relakion whose associaked quotient gives the cabled
Khovanov - Rozansky homology. They aleo describe these induced
relations very explicitly, making everything nicely computable!
Buk we don't hawe +ime for all that - thatrsall | have for

today, so thanks for listening!



