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DIFFERMORPHISM GROUPS

Closed oriented n-manifold X

XXLBM

Diff
+(X) : = S orientation

- preserving Sdiffeomorphisms f : X D

Diff
+

(X9
,
2) : = [feDiff +(X /flocexos = id)

#
Tubular nbhd of 2Xo = S3



ma(0) =a(l) = InEn : Ixgn+



BOUNGARY DEAN TWISTS

XPXLBNbha
.
raX( = Ixgn-

Ex :X

[x(ucexx ==x 3
: = (n) +x(xivax : = id

⑫⑫
2 tx

r(eX

dim
4-gens .

Kernel

top tiexotic
when

mantic



WHY STUDY A DOHN TEISTS?

In dimension n = 4 :

Thm (Giansiracusa08) tx generates
Ker (noDifft(X

,
2) -MoDifft(X)

Thm (Orson-Powell'25) Exis trivial

in MoHomeo(Xi
,
2) = when nontrivial

inMoDifft(X
,
2)
, Ex is EXOTIC !



WHEN IS E
Y
EXOTIC ?

Extrivial in MoDiff+(X, 2) (NOT

exotic) : X= (S2xS2) , X not spin (25)

Nontrivial (exotic) : X = nepy K3

Baraglia-konno20)
,
X = K3# (S2x54) (* ),

X = K3#K3 (T)
,
XX satisfying some

Ex : all complete intersectionsw/condition (c = 0(32) , a = 16(32) ; many EC4n-2)ij) (_araglia and



WHERE DOES THIS EXOTICITY LIVE ?

To get some insight , apply a natural

. peration. Does it kill the exoticity ?

Ex : Stabilizing 3 (* ) didn't (*)

How about abelianizing MoDiff
+(X

,
2) ?

.

ab
:MoDifft(X

,
2) -> (noDifft(X

,
2))

ab

Map killing all commutators

[[f,93] = [fgf
+

g
+] [id]ab = 0 = H

, (BDiff
+(X

,
2))

treartace.



Y
.

IN : ABELANIZATION KILLS EK3

Q : When is [txI
*
trivial ?

Interesting : apps . to differs. & bundles

Thm (Y
.

Lin25) IteI is trivial

Pf : used deep results specific to K3 :

Global Torelli + work of Baraga (22,23

Doesn't directly generalizee.



OUR APPROAC = FERsIa
P
= O

(0) K3 := (sz]eCIP3/z + zy + z2 +zaz 3 = O S

() Make a ,c : K3 D commuting differs .W/
certain behavior near 10 : 0 : 0 : /1

(2) K30 := K3 \r (10 :0 : 0 : /1)
,
twist

O = id very near 2130,

acnear23 aic [a0
,
col = tk3

Constructs commutator equaling t
=>It3]

a
is trivial !

(1) BUILDING a
,
c : K3D

①
make

invls



(1) BUILDING a
,
C :K3 PESIRED

K3 := [sz]eCIP3/z + zy +z +zaz3

=> A : Iz]Eziz : ZaiZz] , C : Iz]I]

rest
.

to a ,c : K3 D commuting differs.

=>
imp . func . thm .

In Coords
.

near [0 :0 : 0 : /I,

Ia
,
cact as ["-

,
I , I'*

②
twist



CMMUTATOR LOOPS INSO(H)

FACT : For paths Ra , RitSO(4),

I
I

from Into[I =I
t [Ra(t) , R ,(t) I is a loop in SO (4) ,

generates ,
(S0(4)) =/2



(2) FROM a
,
C :K3D To apco : K30D

-

130 := K3(r (10 :0 : 0 : /1)
small enough
nbhd of 10 : 0 : 0 : 11

In Coordson (2K3% small enough
nbhd of 230,

a = [ ,
I =R(l)

,
c =EI = R(k)

A C

Def aico : K3
°

Ds
.
t
.
a co = id near 230

Twist by Ra , R , in c (2k3%

Set a = a
,
co =con K3% (2K3%



SO
,
WE HAVE la col = tk3

9.nu (2k3% = [xS3
,
[acI takes

(t
,
w) + (t

,
[R

,
(t)
, RaCt) I(w))
↑
gens . x ,

(S0(4)

&. n K3% (2K3
% )
,

[a?cl = [a
,
c] = id

On all=>
of30 , [a9,cl = tk3

.

an kills commutators [ta]a is trivial



COMPLETE INTERSECTIONS

Homogeneous polys . pi : (
**
- C

,
z = 1,

...,
M

of degs .
di (i . e ., pi(Xz) = X

* pi(z)
"

D, . . . PM

Xp : = ((z]eCI * /pi(z) = OH is cut out Xp"

X a smoothplete .

int
.
if it's a

C-mfld of C-dim .

N-M



OUR GENERAL CONSTRUCTION

(O) For such p ...... Pm ,Xp(am

"Symmetric" homog
.

9 9M S .

t
.Xqdiffeo . Xppolys . 1 .....

(1) Make a ,c : X D commuting differs .W/
certain behavior near [0 ....: 0 : /I

using symmetries of 9, ....,M

(2) X* =X(r(10 :...: O : /I)
,
twist

acnear2X2 go co-idvery
near a Xo

[a0
,
co] = tx

① invol,emm
a



LO) PIKING SYMMETRIC CUTTING POLS
.

homog .Thom : For polys . 9
,
1 . . .,
9
,m

: ( **- (s
.

t
. deggi

= degp : for each i = 1
....,
M
, ifXg is a

smoothplete .

int
., XqFaiffeo . Xp

Lemma (L :26) : For a generic choice of

only even powers of zo

such omg...W [ only IR coeffs . , Xgis a
no term w/only In

smooth cplete .

int
.

- pick any sucha, . . . .,am !



CK BUILDING a
,
C :XD As

DESIRED

only even powers of zo
Polys . 9 : have E only IR coeffs .
=> A : Iz]Ezoz :...: ZnI , C : Iz]I]

rest
.

to a, c : XaFX , D comm .
diffeos.

no term w/

Polys . 9 : have only zn
= 20 :...: 0 : /IEXq

=>
imp . func . thm .

In Coords
.

near 10 : ...: 0 : /I,

-

, Iacact as !" ........ I



CMMUTATOR LOOPS INSO(n)

FACT : For paths Ra , RitSO(n)
-

from In to... I, ...... I

t [Ra(t) , R ,(t) I is a loop in SO(n) ,

generates ,
(Son =I/2



(2) FROM a
,
c :XD TO aico : XoD

Xo = X \r(10 :...: 0 : /1)

Def aico :XD s
.
t
.
a c = id near2X

Twist by Ra , R , inv(2X)

Set a = a, co =conXr(2X
On all

ofxa = xp , [a9cI = t Xq => Ttxpjab is trivial-

For such a,, C: X ,D , Az ,Ca : X2D , can makeCompatible w/#S :
ac : X0 : = (X , #X2)0S. t . [a*co] = tx



SO
,
WE'VE PRINED

...

Thm (L.26) : For Xanycplete int.

(w/dimeX even) or # thereof
, we can

build a c Diff
+(X

,
2) s

.

t.

[la; coll = [txIe ToDiff
+ (Xo

,
a)

( = [tx[ab =C) *[ "Boundary
Dehn twists

are often commutators"



WHAT THIS SHOWS
...

Known exotic 2 Deh twists on K3 (in) ,

k3 # 13
,
k3 # (52xS2)

,

the o many cplete ints.
w/c =0(32) , 0 = 16(32)

are killed by abelianization !

We show the Thm for Xe yet more

general classes of spaces & their #S

> the elliptic surfaces E(n) (for ex.



USHA NET ?

· Commutators in Torelli : = KersoDiff
+(x ,a)

->Aut(Hz(X) ,Qx)

↳ abenntwists shown by Baraglia-Konno (25) to be nontrivial even have nontrivial

image in the abelianization of Torelli !

· Commutators in Symp(Xw ;2)

· Other Dehntwists along

Seifert fiberedspacesaX * S3

· New nontriviality results


