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Abstract. Ehler and Gröchenig posed the question of finding t-design
curves—curves whose associated line integrals exactly average all degree
at most t polynomials—γt on Sd of asymptotically optimal arc length
ℓ(γt) ≍ td−1 as t → ∞. This work investigates analogues of this question
for weighted and εt-approximate t-design curves, proving existence of
such curves γt on Sd of arc length ℓ(γt) ≍ td−1 as t → ∞ for all d ∈ N+

in the weighted setting (in which case such curves are asymptotically
optimal) and all odd d ∈ N+ in the approximate setting (where we have
εt ≍ 1/t as t → ∞). Formulas for such weighted t-design curves for
d ∈ {2, 3} are presented.

1. Background and main results

Spherical t-designs were introduced by Delsarte, Goethals, and Seidel [9] to
be finite subsets of spheres such that any polynomial of degree at most t
has the same average on a t-design as on the entire sphere. These objects
are of interest for providing a notion of a “good” finite approximation of the
sphere and for their connections to other areas of combinatorics [3], data
analysis on the sphere, numerical analysis, and beyond. Of special interest
are optimally small t-designs, which generally prove difficult to construct.
Existence of t-designs on Sd for all t and d was proven by Seymour and
Zaslavsky [27, Corollary 1], but the size of the smallest t-design on Sd is open
in almost all cases. Delsarte, Goethals, and Seidel provided lower bounds of
asymptotic order td as t → ∞ on the sizes of spherical t-designs on Sd for
all t, d ∈ N [9, Definition 5.13], but even the asymptotic order of size of an
optimally small sequence (Xt)

∞
t=1 of t-designs on Sd as t → ∞ for d > 1 was

a major open problem in the field for decades. Progress during this period
included work of Mhaskar, Narcowich, and Ward [23] which showed that
there exist weighted t-designs (Wt)

∞
t=0 on Sd (with almost equal weights)

satisfying |Wt| ≍ td as t → ∞. The problem was finally resolved in the
unweighted setting when Bondarenko, Radchenko, and Viazovska showed
that the lower bounds [9, Definition 5.13] of Delsarte, Goethals, and Seidel
are asymptotically optimal up to constants depending only on d, proving
that there exist constants Cd > 0 depending only on d such that for any
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C > Cd and t ∈ N+, there exists a (unweighted) t-design on Sd of size Ctd

[4, Theorem 1].

Motivated by the applications curves have had to experimental design and
data analysis on the sphere through techniques such as mobile sampling
[12, Section 1], Ehler and Gröchenig introduced spherical t-design curves,
curves such that any polynomial of degree at most t has the same average
value along the curve as on the entire sphere [12, Definition 2.1]. In analogy
with spherical t-designs (henceforth called spherical t-design sets), particu-
larly short t-design curves are of special interest in this setting. Ehler and
Gröchenig showed that for any sequence (γt)

∞
t=1 of t-design curves on Sd,

the length ℓ(γt) of γt satisfies ℓ(γt) 󰃒 td−1 (i.e. there exists a constant cd de-
pending only on d such that ℓ(γt) ≥ cdt

d−1). These authors called sequences
achieving asymptotic equality up to a constant depending only on d in this
bound asymptotically optimal and posed the problem of proving existence
of asymptotically optimal sequences of t-design curves on Sd, which they
solved for d = 2 using the d = 2 case of the aforementioned result of Bon-
darenko, Radchenko, and Viazovska [4, Theorem 1]. The present author
solved this problem for d = 3 [22, Theorem 1.2], but it remains open in
all other dimensions, motivating the exploration of analogues of this prob-
lem concerning classes of curves which could find use in the potential data
analysis and experimental design applications spherical t-design curves were
introduced to have. Recently, Ehler, Gröchenig, and Karner presented re-
sults concerning such a problem, proving existence of sequences (γt)

∞
t=1 of

curves (specifically, geodesic cycles) satisfying Marcinkiewicz-Zygmund in-
equalities [13, Property (i) in Theorem 1.1] of asymptotic order of length at
most td−1 as t → ∞ [13, Theorem 1.1], matching the known lower bound [12,
Theorem 1.1] on the asymptotic order of length of a sequence of spherical
t-design curves as t → ∞. The main results of this manuscript, communi-
cated by Theorems 1.3 and 1.6, are that there exist sequences indexed in
t of generalizations of t-design curves we call weighted and εt-approximate
t-design curves achieving this asymptotic order of arc length on all spheres
in the weighted setting (in which case this asymptotic order of arc length
is optimal) and all odd-dimensional spheres in the approximate setting (in
which case we have εt ≍ 1/t as t → ∞).

Consider d ∈ N+ := {1, 2, ...}, t ∈ N := {0, 1, ...}, and a continuous,
piecewise smooth, closed curve γ : [0, 1] → Sd with finitely many self-
intersections. Take Pt(S

d) to be the space of restrictions to Sd of real-valued
polynomials on Rd+1 of degree at most t, where such a polynomial is an el-
ement of the span over R of products of at most t coordinate functions
Rd+1 → R. Also take σ to be the uniform measure (meaning on a measure
on a metric space with respect to which any two balls of the same radius
have the same measure) on Sd, normalized so that σ(Sd) = 1.
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Definition 1.1. We say that γ is a weighted t-design curve if
󰁝 1

0
f(γ(s)) ds =

󰁝

Sd

f dσ

for all f ∈ Pt(S
d).

Definition 1.2. For any ε ≥ 0 and c > 0, we say that γ is an (ε, c)-
approximate t-design curve if

󰀏󰀏󰀏󰀏c
󰁝

γ
f −

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏 ≤ ε

󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏

for all f ∈ Pt(S
d), where

󰁝

γ
f :=

󰁝 1

0
f(γ(s))|γ′(s)| ds.

If c = 1/ℓ(γ) (where ℓ(γ) :=
󰁕
γ 1 is the length of γ), we say that γ is an

ε-approximate t-design curve.

In analogy with work of Ehler, Gröchenig, and Karner [13], we call a weighted
or (ε, c)-approximate t-design curve which is also a geodesic cycle—meaning
that its image is a union of finitely many geodesics on Sd—a weighted or
(ε, c)-approximate t-design cycle.

Weighted spherical t-design sets—and, more generally, quadrature and cuba-
ture formulas—have received substantial study [15, 31, 30, 28, 25, 29, 7, 8].
Such objects are often defined as a pair of a finite subset of a sphere and
positive weight function on this set, but in the curves setting, we encode the
information of a “weighting” in the parametrization of the curve. There-
fore, t-design curves are exactly curves which, when reparametrized to have
constant speed, are weighted t-design curves.

To the knowledge of the author, the notion of approximate t-design sets
analogous to that of Definition 1.2 has seen less study than that of weighted
t-design sets: in fact, other inequivalent notions of “approximate” spherical
t-design sets which have been investigated [33] are specifically weighted t-
design sets with “approximately equal” weights. The present author is not
aware of investigation of the notion of an approximate t-design set or curve
described in this work prior to previous work [22, Section 3] of the author
in which Theorem 1.6 was stated without proof as an example of further
work to be done past the main result of that paper [22, Theorem 1]. ε-
approximate t-design sets were recently independently introduced and first
formally explored alongside another novel notion of approximate t-design
sets in work of Dillon [10, Subsection 6.1].

For any d ∈ N+ and ε > 0, it is straightforward to construct the natural
notion of a weighted ε-approximate t-design curve on Sd with no singulari-
ties by considering a curve [0, 1] → Sd such that γ(s) is in a small enough
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neighborhood of a t-design set for all s in a subset of [0, 1] having measure
close enough to 1, so we only consider these two generalizations of t-design
curves separately. We first discuss the main results of this work concern-
ing weighted t-design curves, then those concerning approximate t-design
curves.

Theorem 1.3 (Main theorem on weighted t-design curves). For any d > 1,
there exists a constant Cd−1 ∈ 2Z such that for any t ∈ N+ and C ≥
πCd−1t

d−1, there exists a weighted t-design curve on Sd of length C. Fixing
t ∈ N and considering any continuous, piecewise smooth map θ1 : [−1, 1] →
R, such a curve is given by the weighted (2t− 1)-design curve

(1)

(α1,α2,α3) : [0, 1] → S2,

α1(s) = (−1)⌊2ts⌋(4ts− 2⌊2ts⌋ − 1),

α2(s) =
󰁳

1− α1(s)2 cos(π⌊2ts⌋/t+ θ1(α1(s))),

α3(s) =
󰁳

1− α1(s)2 sin(π⌊2ts⌋/t+ θ1(α1(s)))

for d = 2 and C ≥ 2πt (with equality if θ1 is constant). When θ1(0) ∕=
mπ − 2nπ/t for all m,n ∈ Z and considering any continuous, piecewise
smooth map θ2 : [0, 1] → R such that θ2(0) − θ2(1) ∈ 2πZ, such a curve is
given by the weighted (4t− 1)-design curve

(2)

[0, 1] → S3 ⊂ C2

s 󰀁→ 1√
2

󰀣
󰁳

1 + α3(r),
α2(r)− iα1(r)󰁳

1 + α3(r)

󰀤
e2πis+iθ2(r),

r := 4πts− ⌊4πts⌋

for d = 3 and C ≥ 2π
√
32t4 − 8t2 + 1 (with equality when θ1 is constant for

some θ2).

By Proposition 2.3 (which communicates an analogue of a result [12, The-
orem 1.1] of Ehler and Gröchenig in the weighted setting), the weighted
t-design curves described in Theorem 1.3 are asymptotically optimal, in the
sense that any sequence {wt}∞t=0 of such curves on Sd achieves the optimal
asymptotic order of length ℓ(wt) ≍ td−1 as t → ∞ of a sequence indexed in
t of weighted t-design curves on Sd.

In analogy with results concerning the asymptotic order of size of weighted
t-design sets on spheres [31, 10], we also prove a result concerning the as-
ymptotic order of length of weighted t-design curves in dimension d for fixed
strength t.

Theorem 1.4. For any t ∈ N, there exists a constant Dt ∈ 2Z such that
for any d ∈ N+ and D ≥ πDtd

t−1, there exists a weighted t-design curve on
Sd of length D.
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Note that the weighted t-design curves said to exist in Theorem 1.4 are
not in general asymptotically optimal as d → ∞: we may produce weighted
2-design and 3-design curves on Sd of lengths πd and 2πd respectively by
applying Theorem 1.5 to the vertices of a regular simplex (for d even) and
cross-polytope on Sd, which respectively constitute 2-design and 3-design
sets. Theorem 1.5 communicates a construction of weighted t-design curves
on Sd from weighted t-design sets on Sd−1 which we apply alongside exis-
tence results for unweighted and weighted t-design sets satisfying the desired
asymptotics in strength t [4, Theorem 1] and in dimension d [10, Theorem
1.6] to prove Theorems 1.3 and 1.4.

Theorem 1.5. For d > 1, t ∈ N, a weighted t-design set (X = {xi}2Ni=1,λ)
on Sd−1, and any smooth path M : [−1, 1] → O(d) in the space of orthogonal
transformations of Rd, wX,M constructed as in (3) is a weighted t-design

curve on Sd of length greater than or equal to π|X| (with equality when
M is constant) with self-intersections and singularities exactly in the set

{
󰁓i

j=0 λ(xj)}
|X|
i=0.

We now discuss the main results of this work in the setting of approximate
t-design curves.

Theorem 1.6 (Main theorem on approximate t-design curves). For any
n ∈ N, there exists a sequence (γt)

∞
t=0 of simple εt-approximate t-design

cycles on S2n+1 satisfying ℓ(γt) ≍ t2n and εt ≍ 1/t as t → ∞.

From Theorem 1.6, we see Theorem 1.7 by applying a construction [12,
Sections 4-6] of Ehler and Gröchenig that builds a t-design curve on Sd

by placing a t-design curve on each spherical cap around a point of a t-
design set on Sd which Proposition 5.4 communicates in the approximate
setting.

Theorem 1.7. For any n ∈ N, there exists a sequence (γt)
∞
t=0 of simple

εt-approximate t-design curves on S2n satisfying εt ≍ 1/t and ℓ(γt) ≍ t4n−3

as t → ∞.

We discuss in Remark 3.5 how, for any p ∈ N, the sequences discussed
in Theorems 1.6 and 1.7 are also sequences of (εt, || · ||p)-approximate t-
design curves, where such an approximate design curve is a curve satisfying
a condition equivalent to Definition 1.2 but where the Lp norm || · ||p is
used instead of the L∞ (supremum) norm. Thus, the subsequence (γpt)

∞
t=0

for γt as in either theorem satisfies the definition [13, Definition 4.1] of a
Marcinkiewicz-Zygmund family for Lq for all even q ∈ N in addition to
satisfying the definition for q = ∞.

We prove Theorem 1.6 by combining existence results for t-design sets on
the complex projective space CPn we define in Subsection 5.1 satisfying
the desired asymptotics in strength t with a construction of approximate
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t-design curves on S2n+1 from ⌊t/2⌋-design sets on CPn communicated by
Theorem 1.8.

Theorem 1.8. Fix n, t ∈ N alongside a ⌊t/2⌋-design set Y on CPn and
constants

WY ∈
󰀣
0, (|Y |− 1) sup

y1,y2∈Y
d(y1, y2)

󰀦
, MY > 0

as in Subsection 4.2. For any δ ∈ (0,MY ), we may construct a simple
((WY + δ)/(2π|Y |), 1/(2π|Y |))-approximate t-design cycle γY on S2n+1 of
length ℓ(γY ) = 2π|Y |+WY − δ.

Applying Remark 3.1, we can see that γY as in Theorem 1.8 will also be
a (WY /(π|Y |))-approximate t-design curve. Additionally, applying Lemma
3.3 alongside Remark 3.1 and noting that we can make δ > 0 arbitrarily
small, we can see that Theorem 1.8 still holds when γY is a smooth εY -
approximate t-design curve rather than an εY -approximate t-design cycle.
Similarly, Theorem 1.6 also holds when (γt)

∞
t=0 is a sequence of smooth εt-

approximate t-design curves rather than εt-approximate t-design cycles.

Note that Theorems 1.6 and 1.8 hold (with slight changes to constants in
Theorem 1.8 by a factor of (about) 2) when Sd is replaced with d-dimensional
real projective space RPd. We do not explicitly treat the real projective case
to slightly simplify the proofs below, but the theorems follow from exactly
the same methods described.

We prove Theorem 1.5 and then apply this theorem to show Theorems 1.3
and 1.4 in Section 2. We then make basic observations about approximate
t-design curves in Section 3 and apply these observations and other results
to prove Theorem 1.8 in Section 4 and Theorem 1.6 in Section 5. Finally,
we discuss further related work in Section 6.

2. Weighted t-design curves

In this section, we prove Theorem 1.5, then use this result combined with
existence results for unweighted and weighted t-design sets satisfying the
desired asymptotics in strength t [4, Theorem 1] and in dimension d [10,
Theorem 1.6] to prove Theorems 1.3 and 1.4. To this end, we first introduce
weighted t-design sets.

Definition 2.1. The pair (X,λ : X → R) is called a weighted t-design set
if 󰁛

x∈X
λ(x)f(x) =

󰁝

Sd

f dσ

for all f ∈ Pt(S
d).
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Figure 1. Images of the weighted 1-design curve wV2,Id

(left) and the weighted 3-design curve wV4,Id (right) on S2

respectively resulting from the construction of Theorem 1.5
applied to a 1-design set (antipodal points V2) and 3-design
set (the vertices V4 of a 4-gon) on S1.

For d ∈ N+, t ∈ N, a weighted t-design set (X = {xi}2Ni=1,λ) on Sd−1, and any
smooth path M : [−1, 1] → O(d) in the space of orthogonal transformations
of Rd, we consider the curve

(3)

wX,M = (wR, wRd) : [0, 1] → Sd ⊂ R× Rd,

wR(s) = (−1)i(2(s− Λi−1)− 1), wRd(s) =
󰁳

1− wR(s)2M(wR(s))xi

for i ∈ {1, ..., 2N}, Λi :=

i󰁛

j=1

λ(xj), s ∈ [Λi−1,Λi].

We may observe wX,M is a continuous, piecewise smooth curve of length
at least 2πN (specifically, for any δM ∈ [0,∞), we may select M such that
wX,M has length 2πN + δM ) which has self-intersections and singularities

exactly at s ∈ {Λi}2Ni=0. Additionally, note that wX,M is a geodesic cycle
when M is constant. We will now verify that wX,M is a weighted t-design

curve on Sd.

Proof of Theorem 1.5. Consider d ∈ N+, t ∈ N, wX,M as in (3) and f ∈
Pt(S

d) alongside the map h : Sd → [−1, 1] taking ω 󰀁→ ω1, whose preimages
h−1(s) we equip with the uniform spherical measure σ normalized so that
σ(h−1(s)) = 1. Note that f |h−1(s) is a polynomial of degree at most t on
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Figure 2. Images of a weighted 1-design curve (left) and
a weighted 3-design curve (right) on S3 ∼= R3 ∪ {∞} respec-
tively resulting from the construction of Theorem 1.5 applied
to a 1-design set (antipodal points) and 3-design set (the ver-
tices of an octahedron) on S2.

h−1(s) ∼= Sd−1 for all s ∈ [0, 1]. We therefore see that

󰁝 1

0
f(wX,M (s)) ds =

2N󰁛

i=1

󰁝 Λi

Λi−1

f(wX,M (s)) ds

=

2N󰁛

i=1

λ(xi)

2

󰁝 1

−1
f(wX,M (w−1

R (s))) ds

=
1

2

󰁝 1

−1

2N󰁛

i=1

λ(xi)f
󰀓
s,
󰁳

1− s2M(s)xi

󰀔
ds

=
1

2

󰁝 1

−1

󰁝

h−1(s)
f(ω) dσ(ω) ds

=

󰁝

Sd

f(ω) dσ(ω),

so wX,M is a weighted t-design curve. □

Fix any t ∈ N and a continuous, piecewise smooth function θ1 : [−1, 1] → R.
Noting that the vertices Vt+1 of a (t+1)-gon are a t-design set on S1 for all
t ∈ N, we can see from Theorem 1.5 that wV2t,eiθ1(s)

as in (3) is a weighted

(2t − 1)-design curve on S2 of length greater than or equal to 2πt (with
equality if θ1 is constant). Observing that wV2t,eiθ(s)

is exactly the curve

(1) then completes the proof of Theorem 1.3 when d = 2. Now, also note
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that the construction [22, Theorem 1.3] which builds a simple t-design curve
on S3 from a ⌊t/2⌋-design curve on S2 directly generalizes to the setting of
weighted t-design curves to provide the result of Theorem 2.2.

Theorem 2.2 (Weighted analogue of Theorem 1.3 in work [22] of the present
author). For any t ∈ N, a weighted ⌊t/2⌋-design curve α = (αR,αC) on
S2 ⊂ R × C satisfying αR(s) ∕= −1 for s ∈ [0, 1], and any continuous,
piecewise smooth function θ : [0, 1] → R satisfying θ(0) − θ(1) ∈ 2πZ, the
curve

(4)

γα,θ : [0, 1] → S3 ⊂ C2,

s 󰀁→ 1√
2

󰀣
󰁳

1 + αR(r),
αC(r)󰁳
1 + αR(r)

󰀤
e2πis+iθ(r)

for r := (t+ 1)s− ⌊(t+ 1)s⌋

is a weighted t-design curve on S3.

The proof of Theorem 2.2 follows as in the unweighted setting [22, Theorem
1.3], so we refer to that proof to verify the theorem. Note also that we
may pick θ such that γα,θ is an (unweighted) t-design curve (which we may
assume is simple as in work of the present author [22, Proof of Theorem
1.3]—more generally, for any ε > 0 and θ1, we may pick θ2 such that γα,θ2
is simple and ℓ(γα,θ2) = ℓ(γα,θ1) + ε) when |α′| is bounded on the subset of
[0, 1] on which α is smooth by varying θ such that |γ′α,θ(s)| is constant for

all s ∈ [0, 1] at which γα,θ is smooth.

Now, assuming θ1(0) ∕= mπ − 2nπ/t for all m,n ∈ Z, we may observe that
setting (α1,α2,α3) = wV2t,eiθ(s)

, α3(s) ∕= −1 for all s ∈ [0, 1]. Considering a

continuous, piecewise smooth curve θ2 : [0, 1] → R such that θ2(0)− θ2(1) ∈
2πZ, we may therefore set α = (α3,α2,α1) and θ = θ2 in Theorem 1.3 to
produce a weighted (4t−1)-design curve γ(α3,α2,α1),θ2 on S3 of length greater

than or equal to 2π
√
32t4 − 8t2 + 1 (with equality when θ1 is constant for

some θ2). Also observe from Theorem 2.2 that for any θ1 and θ2, we may
perturb θ2 such that (2) will be simple. Then, since γ(α3,α2,α1),θ2 is exactly
the curve (2), we have completed the proof of Theorem 1.3 when d = 3.

We now prove Theorem 1.3 for any d ∈ N+. Take Cd−1 as in work of
Bondarenko, Radchenko, and Viazovska [4, Theorem 1] and add 1 to Cd−1

if needed to assume it is even. Then, for any t ∈ N, there exists a t-design
set X on Sd−1 of even size Cd−1t

d−1. For any C ≥ πCd−1t
d−1, we may

therefore pick smooth M : [0, 1] → O(d) such that wX,M is a weighted t-
design curve of length C with self-intersections and singularities exactly in

the set {i/Cd−1t
d−1}Cd−1t

d−1

i=0 , proving Theorem 1.3. We see from Proposition
2.3 that the asymptotic order of length of these curves is optimal among
weighted t-design curves.
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Proposition 2.3. For each d ∈ N, there exists a constant cd > 0 such that
for any t ∈ N, the length of any weighted t-design curve on Sd is at least
cdt

d−1.

This proposition follows exactly as the proof of Theorem 1.1 of Ehler and
Gröchenig [12], which provides this result in the case of unweighted t-design
curves.

Additionally, note from work of Dillon [10, Theorem 1.6] that for each t ∈ N,
there exists a constant Dt we may assume is even such that for any d ∈ N+,
there exists a weighted t-design set on Sd of size at most Dtd

t−1. Then, for
any D > πDtt

d, we may pick smooth M : [0, 1] → O(d) such that wX,M is a
weighted t-design curve of length D with self-intersections and singularities
at exactly |X|+ 1 values in [0, 1], proving Theorem 1.4.

3. Approximate t-design curves

We now prove facts about (ε, c)-approximate t-design curves. We first dis-
cuss basic observations about (ε, c)-approximate t-design curves in Subsec-
tion 3.1, then discuss how (ε, c)-approximate t-design curves satisfy the ana-
logue of Definition 1.2 in which the supremum of f on Sd is replaced with
the Lp norm of f on Sd for all p ∈ N+ in Subsection 3.2.

3.1. Initial observations. To the end of making initial observations about
(ε, c)-approximate t-design curves on Sd, fix any d ∈ N+, t ∈ N, ε ≥ 0,
and c > 0. The first observation we find it natural to make about (ε, c)-
approximate t-design curves is that any continuous, piecewise smooth curve
γ : [0, 1] → Sd is a (cℓ(γ) + 1, c)-approximate t-design curve on Sd for any
c > 0, while 0-approximate t-design curves are exactly t-design curves as
defined by Ehler and Gröchenig [12, Definition 2.1]. Additionally, we may
observe taking f = 1 in Definition 1.2 that there are no (ε, c)-approximate
t-design curves γ for c ∕∈ [(1− ε)/ℓ(γ), (1 + ε)/ℓ(γ)].

We now discuss how the error term ε changes when we change the scaling
constant c associated to an (ε, c)-approximate t-design curve, which we use
in Subsection 5.2 to assume the curves (γt)

∞
t=0 in Theorem 1.6 have scaling

constant 1/ℓ(γt); i.e. that they are ε-approximate t-design curves.

Remark 3.1. Consider any 󰁨c > 0 alongside an (ε, c)-approximate t-design
curve γ on Sd. We may see since

󰀏󰀏󰀏󰀏󰁨c
󰁝

γ
f −

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏 ≤ ε

󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏+
󰀏󰀏󰀏󰀏(󰁨c− c)

󰁝

γ
f

󰀏󰀏󰀏󰀏 = (ε+ |󰁨c− c|ℓ(γ))
󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏

for any f ∈ Pt(S
d) that γ is also an (ε+ |󰁨c− c|ℓ(γ),󰁨c)-approximate t-design

curve.
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We now mention how a continuous, piecewise smooth, closed curve whose im-
age coincides with a piecewise smooth topological 1-manifold which exactly
averages polynomials of degree at most t on Sd will be an (ε, c)-approximate
t-design curve for ε and c which depend on how closely the image of the
curve coincides with the manifold.

Lemma 3.2. Consider a piecewise smooth topological 1-manifold L ⊂ Sd

satisfying 󰀏󰀏󰀏󰀏c
󰁝

L
f ds−

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏 ≤ ε

󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏

and a continuous, piecewise smooth, closed curve γ : [0, 1] → Sd, where s
is the arc length measure on L. Defining l := γ−1(γ([0, 1]) ∩ L) and setting
εγ := ε+ c(|L|+ ℓ(γ)− 2ℓ(γ|l)) for |L| := s(L), γ is an (εγ , c)-approximate
t-design curve.

Proof. For any f ∈ Pt(S
d) and taking s to be the arc length measure on L,

we have 󰁝

L
f ds =

󰁝

γ|l
f +

󰁝

L\γ(l)
f ds+

󰁝

γ|[0,1]\l
f −

󰁝

γ|[0,1]\l
f

=

󰁝

γ
f +

󰁝

L\γ(l)
f ds−

󰁝

γ|[0,1]\l
f.

Therefore, we can see that

ε

󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏 ≥
󰀏󰀏󰀏󰀏c
󰁝

L
f ds−

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏

=

󰀏󰀏󰀏󰀏󰀏c
󰀣󰁝

γ
f +

󰁝

L\γ(l)
f ds−

󰁝

γ|[0,1]\l
f

󰀤
−

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏󰀏

≥

󰀏󰀏󰀏󰀏󰀏

󰀏󰀏󰀏󰀏c
󰁝

γ
f −

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏− c

󰀏󰀏󰀏󰀏󰀏

󰁝

L\γ(l)
f ds−

󰁝

γ|[0,1]\l
f

󰀏󰀏󰀏󰀏󰀏

󰀏󰀏󰀏󰀏󰀏 ,

so we have
󰀏󰀏󰀏󰀏c
󰁝

γ
f −

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏 ≤ ε

󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏+ c

󰀏󰀏󰀏󰀏󰀏

󰁝

L\γ(l)
f ds−

󰁝

γ|[0,1]\l
f

󰀏󰀏󰀏󰀏󰀏

≤ (ε+ c(|L|+ ℓ(γ)− 2ℓ(γ|l)))
󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏 .

This is exactly the desired result. □

We now discuss how any (ε, c)-approximate t-design curve on Sd may be
perturbed to be smooth and, if d ∕= 2, simple.

Lemma 3.3. Consider an (ε, c)-approximate t-design curve γ on Sd. For
any δ > 0, there exists a smooth (ε + 2δc, c)-approximate t-design curve 󰁨γ
on Sd of length ℓ(󰁨γ) = ℓ(γ) + δ. If d ∕= 2, we may take 󰁨γ to be simple.
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Proof. With notation as in the theorem statement, take S to be the (fi-
nite) set of s ∈ [0, 1] such that γ(s) is not smooth. Consider an open

subset 󰁨S ⊂ [0, 1] such that ℓ(γ|S) = δ/2 and S ⊂ γ(S). We may then
smooth γ to any curve 󰁨γ which coincides with γ on [0, 1] \ S and satisfies
ℓ(󰁨γ|S) = δ/2. We then see from Lemma 3.2 that 󰁨γ satisfies the desired
properties. As (ε + 2δc, c)-approximate t-design curves have finitely many
self-intersection points, we may perform this same procedure taking S to be
these self-intersection points to ensure 󰁨γ will be simple. □

3.2. Lp norms. For a norm || · ||∗ on the space Pt(S
d) of polynomials on

Sd, we say a continuous, piecewise smooth, closed curve γ : [0, 1] → Sd with
finitely many self-intersections is an (ε, c, || · ||∗)-approximate t-design curve
if 󰀏󰀏󰀏󰀏c

󰁝

γ
f −

󰁝

Sd

f dσ

󰀏󰀏󰀏󰀏 ≤ ε||f ||∗

for all f ∈ Pt(S
d). Fix norms || · ||1 and || · ||2 on Pt(S

d). As Pt(S
d) is a finite-

dimensional vector space, there exist constants ct, Ct > 0 such that

ct||f ||1 ≤ ||f ||2 ≤ Ct||f ||1
for all f ∈ Pt(S

d). Then, we see that any (ε, c, || · ||2)-approximate t-design
curve is a (Ctε, c, || · ||1)-approximate t-design curve. Therefore, taking || ·
||1 := || · ||∞ to be the L∞ norm on Pt(S

d), we see that an (ε, c, || · ||2)-
approximate t-design curve is a (Ctε, c)-approximate t-design curve. The
curves γt of interest in Theorems 1.6 and 1.7 are then (Ctεt, c)-approximate
t-design curves. Taking || · ||2 = || · ||p to be the Lp norm on Pt(S

d) for any
p ∈ N and recalling that we normalize the uniform spherical measure σ on
Sd such that σ(Sd) = 1, we then see that

||f ||p =
󰀕󰁝

Sd

󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏
p

dσ

󰀖1/p

≤
󰀏󰀏󰀏󰀏sup
Sd

f

󰀏󰀏󰀏󰀏 = ||f ||∞,

so we may take Ct := 1 to prove Remark 3.4.

Remark 3.4 (Corollary of Theorem 1.6). For any d ∈ N and ε > 0, any
ε-approximate t-design cycle on Sd is a (ε, || · ||p)-approximate t-design cycle

on Sd for all p ∈ N.

Remark 3.5. For any p ∈ N, a sequence (γt)
∞
t=0 as discussed in Theorems

1.6 or 1.7 is thus a sequence of (εt, || · ||p)-approximate t-design cycles for all
p ∈ N. Note then that for any p ∈ N+, the sequence (γpt)

∞
t=0 satisfies the

definition [13, Definition 4.1] of a Marcinkiewicz-Zygmund family for Lq(Sd)

for all even q ∈ {∞, 1, ..., p} with A = (1− 󰁨εp)1/p and B = (1+ 󰁨εp)1/p, where
we have

󰁨εp := sup
t∈N

εpt ≍
1

p
as p → ∞.
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4. Building approximate t-design curves

In this section, we prove Theorem 1.8. We introduce complex projective
t-design sets and discuss how they can be used to average degree at most
2t+1 spherical polynomials in Subsection 4.1, then describe the construction
of Theorem 1.8 and use the understanding of complex projective t-design
sets discussed in Subsection 4.1 to verify the theorem in Subsection 4.2. As
noted in Section 1, note this proof applies to show the result of Theorem
1.8 (with slight modifications to certain constants by a factor of (about) 2)
when Sd is replaced by RPd.

4.1. Complex projective t-design sets. In this subsection, we first in-
troduce complex projective t-design sets, then discuss how these objects can
be used to average degree at most 2t + 1 polynomials on spheres. To this
end, we define the complex projective space CPn of complex dimension n to
be the quotient of S2n+1 by the multiplicative action a 󰀁→ az of S1 ⊂ C on
(n+1)-dimensional complex vector space Cn+1 ⊃ S2n+1 and equip CPn with
its uniform measure ρ normalized so that ρ(CPn) = 1. We also consider the
complex projective map

(5) Π : S2n+1 → CPn, ω 󰀁→ [ω] := {ωz | z ∈ S1}
(which we note pushes forward the uniform spherical measure σ to ρ) and
denote by

(6) Pt(CPn) := {f : CPn → R |Π∗f ∈ P2t(S
2n+1)}

the space of polynomials of degree at most t on CPn. We then say a finite
subset Y ⊂ CPn is a complex projective t-design set on CPn if

1

|Y |
󰁛

y∈Y
g(y) =

󰁝

CPn
g dρ

for all g ∈ Pt(CPn). Lemma 4.1 describes how complex projective t-design
sets average spherical polynomials.

Lemma 4.1. Consider a t-design set Y on CPn. For any f ∈ P2t+1(S
2n+1),

we have
1

2π|Y |

󰁝

Π−1(Y )
f ds =

󰁝

Sd

f dσ,

where s is the arc length measure on Π−1(Y ).

This is the fundamental observation behind the construction which uses the
complex projective map to build a family of t-design sets on S2n+1 from
a ⌊t/2⌋-design set on CPn introduced by König [18, Corollary 1] and also
investigated by Kuperberg [19, Theorem 4.1]. This phenomenon was further
investigated by Okuda [26, Theorem 1.1], who—inspired by the independent
observation of the construction by Cohn, Conway, Elkies, and Kumar [6,
Section 4]—verified a related construction which uses the Hopf map to build
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Figure 3. The preimage Π−1(O) ⊂ S3 ∼= R3∪{∞} under Π
of the 3-design set on CP1 corresponding to the vertices O of
an octahedron under the association CP1 ∼= S2 [3, Example
2.7]. The average of any degree at most 7 polynomial on
Π−1(O) equals the average of this polynomial on S3.

a family of t-design sets on S3 from a ⌊t/2⌋-design set on S2 ∼= CP1. This was
generalized to work of the present author [21, Theorem 1.1] which verifies
constructions that build a t-design set on S4n+3 from a ⌊t/2⌋-design set on
the quaternionic projective space HPn (or S4 ∼= HP1 when n = 1) and a
t-design set on S3 and a t-design set on S15 from a ⌊t/2⌋-design set on the
octonionic projective line OP1 (or S8 ∼= OP1) and a t-design set on S7.
The methods used throughout this work can be applied alongside the result
analogous to Lemma 4.1 in these quaternionic and octonionic settings to
give rise to an analogue of Theorem 1.8 where Y is a ⌊t/2⌋-design set on
HPn or OP1 ∼= S8 and γY is diffeomorphic to S3 or S7 respectively and
approximately averages degree at most t polynomials in a sense (13) similar
to that of Definition 1.2.

A proof of Lemma 4.1 can be found by appealing to the result of König
[18, Corollary 1] or by applying methods used in that work, the work of
Kuperberg [19, Theorem 4.1], or that of the present author [21, Theorem
1.1].

4.2. Connecting fibers. In this subsection, we prove Lemma 4.2, then ap-
ply Lemma 3.2 to prove Theorem 1.8. To this end, for any finite subset
Y ⊂ CPn, we consider a minimal spanning tree TY (which may be con-
structed using any of a number of simple algorithms [24]) for the graph with
vertices the elements of Y and one edge for each pair y1, y2 ∈ Y such that
there exists a minimal geodesic between y1 and y2 whose interior is disjoint
from Y which we assign a weighting equal to the length of this minimal
geodesic measured with respect to the metric

(7) dCPn([ω1], [ω2]) := inf
z∈S1

arccos〈ω1, zω2〉R

on CPn, where 〈, 〉R denotes the standard inner product on R2n+2. We
then take WY to be double the sum of all weights of edges of TY , NY
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Figure 4. Making the tree TO as in Section 4 associated
to the vertices O of an octahedron on CP1 ∼= S2.

Figure 5. Connecting the disjoint circles comprising
Π−1(O) to form a path-connected figure ΓO in accordance
with the tree TO as in Figure 4. This is the image of a
((5π+ δ)/(12π− δ), 12π/(17π− δ))-approximate 7-design cy-
cle, with δ as in Theorem 1.8.

to be the maximal number of edges connected to any vertex of TY , and
MY := 2π(|Y |− 1)/NY .

Lemma 4.2. Consider n ∈ N, a finite subset Y ⊂ CPn, any δ ∈ (0,MY ),
and the complex projective map Π : S2n+1 → CPn as in (5). We may
construct a simple geodesic cycle γY on S2n+1 satisfying

|γY ([0, 1]) \ (γY ([0, 1]) ∩Π−1(Y ))| = WY ,

|Π−1(Y ) \ (γY ([0, 1]) ∩Π−1(Y ))| = δ.

Applying Lemma 4.1 alongside Lemma 3.2 with L := Π−1(Y ) and γ := γY
for Y a complex projective ⌊t/2⌋-design set, we obtain Theorem 1.8 as a
consequence of Lemma 4.2.
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Proof of Lemma 4.2. Denote by y0 ∈ Y the root of the tree TY . For each
y ∈ Y \ {y0}, consider the geodesic ey : [0, 1] → CPn in the set of edges
of TY satisfying ey(0) = p (p the parent of y in TY ) and ey(1) = y. For
zy ∈ p, we consider a geodesic gzy : [0, 1] → S3 on S3 satisfying gzy(0) = zy
and Π ◦ gy = ey of minimal length, as can be explicitly constructed using
a straightforward procedure which amounts to solving an ODE [22, Lemma
2.1].

Denoting by {dy,j}ny

j=1 the ny ∈ {0, ..., NY } descendants of y ∈ Y and con-

sidering any δdy,j ∈ [0, 2π/NY − 󰁨δ) for 󰁨δ := δ/(2(|Y | − 1)), we pick any

zy0 ∈ y0 ⊂ S3 and iteratively define

zdy,j := gzy(1)e
2πij/ny+δdy,j i ∈ dy,j ⊂ S3

for all y ∈ Y and j ∈ {1, ..., ny}. We can observe that the sets

Dy := {zyeiθ | θ ∈ [0, 󰁨δ]} ∪ {gzy(1)eiθ | θ ∈ [0, 󰁨δ]} ⊂ Π−1(Y )

are pairwise disjoint for all y ∈ Y \{y0}, as for any y ∈ Y and j ∈ {1, ..., ny},
we have

2π/ny − δdy,j−1
+ δdy,j ≥ 2π/ny − δdy,j−1

> 2π/NY − 2π/NY + 󰁨δ = 󰁨δ.

We can also arrange that the sets

Gy := gzy([0, 1]) ∪
󰀓
gzy([0, 1])e

i󰁨δ
󰀔

are pairwise disjoint by perturbing δy ∈ [0, 2π/NY − 󰁨δ) for each y such that
there exists 󰁨y ∈ Y \ {y0} satisfying Gy ∩ G󰁨y ∕= ∅. Therefore, noting that

Gy ∩Π−1(Y ) = ∂Gy = ∂Dy for all y ∈ Y and that Π−1(Y ) and Gy are finite
unions of geodesics in S2n+1, we can see that the set

ΓY :=

󰀳

󰁃Π−1(Y ) \
󰁞

y∈Y
Dy

󰀴

󰁄
󰁞

y∈Y
Gy

is a finite union of geodesics in S2n+1. Observing that Π(Gy) = ey([0, 1]),
we can see that Π(ΓY ) is exactly the union of the edges and vertices of the
connected graph TY and thus is connected. Therefore, picking any continu-
ous, piecewise smooth, simple curve γY : [0, 1] → ΓY , γY will be a geodesic
cycle satisfying

|γY ([0, 1]) \ (γY ([0, 1]) ∩Π−1(Y ))| =

󰀏󰀏󰀏󰀏󰀏󰀏

󰁞

y∈Y
Gy

󰀏󰀏󰀏󰀏󰀏󰀏
= 2

󰁛

y∈Y
ℓ(gy) = WY ,

|Π−1(Y ) \ (γY ([0, 1]) ∩Π−1(Y ))| =

󰀏󰀏󰀏󰀏󰀏󰀏

󰁞

y∈Y
Dy

󰀏󰀏󰀏󰀏󰀏󰀏
= 2(|Y |− 1)󰁨δ = δ

as desired. □



ASYMPTOTICALLY SHORT GENERALIZATIONS OF t-DESIGN CURVES 17

5. Asymptotics of approximate t-design curves

We now use results concerning the asymptotic sizes of sequences of complex
projective t-design sets stated in Subsection 5.1 alongside the construction
communicated by Theorem 1.8 to prove Theorem 1.6 in Subsection 5.2,
then apply the construction established by Ehler and Gröchenig that builds
a t-design curve on Sd from a t-design curve on Sd−1 (which extends to
a construction of approximate t-design curves) to prove Theorem 1.7 in
Subsection 5.3.

5.1. Complex projective t-design sets. In this subsection, we discuss as-
ymptotic results concerning different notions of complex projective t-design
sets, then present Lemma 5.3, which describes how these notions are equiv-
alent. To this end, consider the embedding

ϕ : CPn → C(n+1)2 ∼= R(2n+2)2 , [ω] 󰀁→ ωω∗

(ω∗ the conjugate transpose of ω) of CPn into Euclidean space taking a point
[ω] the projection matrix mapping Cn+1 to the complex line containing ω.
We then define

(8) Qt(CPn) := ϕ∗(Pt(R(2n+2)2)).

Additionally, for ∆CPn the Laplace-Beltrami operator on CPn, we denote by
Rt(CPn) the space of diffusion polynomials of degree at most t on CPn, the
span over R of real-valued eigenfunctions of ∆CPn in L1(CPn) of eigenvalue
at most 4t(t + n). Then, taking St to be either Qt or Rt, we say a finite
subset Y ⊂ CPn is a St-design set if

1

|Y |
󰁛

y∈Y
g(y) =

󰁝

CPn
g dρ

for all g ∈ St(CPn).

Proposition 5.1 (The M = CPn case of Theorem 2.2 of Etayo, Marzo
and Ortega-Cerdà [14]). For any n ∈ N, there exists a sequence {Yt}∞t=0 of
Qt-design sets on CPn of asymptotically optimal size |Yt| ≍ t2n.

Proposition 5.2 (Theorem 3.2 of Breger, Ehler, and Gräf [5]). Fix n ∈ N
and consider a sequence {Yt}∞t=0 of Rt-design sets on CPn. Defining

Dt := sup
y1∈Yt

inf
y2∈Yt\{y1}

dCPn(y1, y2)

for dCPn the metric on CPn as in (7), we have Dt ≍ 1/t as t → ∞.

We use Lemma 5.3 to apply Propositions 5.1 and 5.2 to the setting of t-
design sets. For completeness, we provide a full proof of the lemma.

Lemma 5.3. For any t ∈ N, we have Pt(CPn) = Qt(CPn) = Rt(CPn).
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As a corollary of this lemma, we see that the conditions that a finite subset
of CPn is a t-design set, a Qt-design set, and a Rt-design set are equiva-
lent.

Proof of Lemma 5.3. We first show that Pt(CPn) = Qt(CPn). To this end,
note that for any c ∈ C, the real and imaginary parts of c respectively satisfy

(9) ℜ(c) = 1

2
(c+ c), ℑ(c) = 1

2
(c− c)i.

Observe from the definition (8) of Qt(CPn) that Π∗(Qt(CPn)) is exactly the
space of restrictions to S2n+1 of elements in the span over R of products of
at most t of the functions

ω 󰀁→ ℜ(ωiωj), ω 󰀁→ ℑ(ωiωj) (i, j ∈ {1, ..., n+ 1})

taking ω ∈ Cn+1 ∼= R2n+2 to the real and imaginary parts of entries of ωω∗.
Thus, we may see from (9) that Π∗(Qt(CPn)) ⊂ P2t(S

2n+1), so Qt(CPn) ⊂
Pt(CPn). To the end of showing the reverse inclusion, pick g ∈ Pt(CPn). We
see from the definition (6) of Pt(CPn) that Π∗g is in the space of restrictions
to S2n+1 of elements in the span over R of products of at most 2t of the
functions

ω 󰀁→ ℜ(ωi), ω 󰀁→ ℑ(ωi) (i ∈ {1, ..., n+ 1})

taking ω ∈ Cn+1 ∼= R2n+2 to the real and imaginary parts of its entries. (9)
allows us to pick cα,β ∈ C for each (α,β) ∈ I such that

(Π∗g)(ω) =
󰁛

(α,β)∈I
cα,βω

α,β for ωα,β :=

n+1󰁜

i=1

ωαi
i ωi

βi ,

where we define

I :=

󰀫
(α,β) ∈ N2n+2

󰀏󰀏󰀏󰀏󰀏

n+1󰁛

i=1

(αi + βi) ≤ 2t

󰀬
,

I0 :=

󰀫
(α,β) ∈ I

󰀏󰀏󰀏󰀏󰀏

n+1󰁛

i=1

(αi − βi) = 0

󰀬
.

Note that ωα,β ∈ Qt(CPn) for any (α,β) ∈ I0, so if we show that

(10) (Π∗g)(ω) =
󰁛

(α,β)∈I0

cα,βω
α,β ,
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we will have Π∗g ∈ Qt(CPn). Picking any zw = (zw,1, ..., zw,n+1) ∈ w for
w ∈ CPn and fixing any (a, b) ∈ I, we may observe that

󰁝

w
ωα,β dσ(ω) =

󰁝

S1

n+1󰁜

i=1

(zw,iζ)
αi(zw,iζ)

βi dσ(ζ)

=

󰀣
n+1󰁜

i=1

zαi
w,izw,i

βi

󰀤󰁝

S1

n+1󰁜

i=1

ζαiζ
βi dσ(ζ)

=

󰀣
n+1󰁜

i=1

zαi
w,izw,i

βi

󰀤󰁝

S1

ζ
󰁓n+1

i=1 (αi−βi) dσ(ζ),

which equals 0 whenever (α,β) ∕∈ I0. Picking any ω ∈ w ∈ CPn and observ-
ing that ωα,β ∈ Π∗(L1(CPn)) when (α,β) ∈ I0 and that

f(ω) =

󰁝

w
f dσ

for any f ∈ Π∗(L1(CPn)), we therefore have that

(Π∗g)(ω) =

󰁝

w
Π∗g dσ

=
󰁛

(α,β)∈I
cα,β

󰁝

w
ωα,β dσ(ω)

=
󰁛

(α,β)∈I0

cα,β

󰁝

w
ωα,β dσ(ω)

=
󰁛

(α,β)∈I0

cα,βω
α,β ,

showing (10). Thus, Π∗g ∈ Π∗(Qt(CPn)), so Pt(CPn) ⊂ Qt(CPn). This
completes the proof that Pt(CPn) = Qt(CPn).

We now show that Pt(CPn) = Rt(CPn). To this end, note that for M an
m-dimensional Riemannian manifold with Riemannian metric 〈, 〉, geodesic
normal coordinates {xi : M → R}mi=1 in a neighborhood U of p ∈ M ,

and associated local frame {∂i := ∂
∂xi

}mi=1, we have 〈∂i, ∂j〉 = δi,j (δi,j the

Kronecker delta), so for any differentiable function f : M → R, the gradient
∇f of f satisfies

∇f =

m󰁛

i,j=1

δij∂j(f)∂i =

m󰁛

j=1

∂j(f)∂i
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in U . Additionally noting that (∇∂i∂j)p = 0 for all i, j ∈ {1, ...,m}, we may
see that for ∆ the Laplace-Beltrami operator on M ,

(∆f)(p) =

m󰁛

i=1

〈∇∂i∇f, ∂i〉p

=

m󰁛

i=1

󰀭
∇∂i

m󰁛

j=1

∂j(f)∂j , ∂i

󰀮

p

=

m󰁛

i=1

󰀭
m󰁛

j=1

(∂i(∂j(f))∂j + ∂j(f)∇∂i∂j), ∂i

󰀮

p

=

m󰁛

i=1

(∂i(∂i(f)))(p).

(11)

Now, fix any ω ∈ w ∈ CPn and consider geodesic normal coordinates {xCi :
CPn → R}2ni=1 on CPn in a neighborhood of w and the associated local

frame {∂C
i := ∂

∂xC
i
}2ni=1. Setting xi := Π∗xCi , we may then consider geodesic

normal coordinates {xi : S2n+1 → R}2n+1
i=1 on S2n+1 in a neighborhood U of

ω satisfying
∂2n+1 = iω ∈ TωS

2n+1 ⊂ Cn+1

for {∂i := ∂
∂xi

}2n+1
i=1 the associated local frame. We may observe from the

definition of a local frame associated to a choice of local coordinates that
∂i ◦ Π∗ = Π∗ ◦ ∂C

i for i ∈ {1, ..., 2n}. We may also observe that for any g ∈
L1(CPn), ∂2n+1(Π

∗g) = 0 in U . Combining these facts with two applications
of (11), we can see that for any g ∈ L1(CPn),

(∆(Π∗g))(ω) =
2n+1󰁛

i=1

(∂i(∂i(Π
∗g)))(ω)

=

2n󰁛

i=1

(∂i(∂i(Π
∗g)))(ω)

=

2n󰁛

i=1

(Π∗(∂C
i (∂

C
i (g))))(ω)

=

2n󰁛

i=1

(∂C
i (∂

C
i (g)))(w)

= (∆Cg)(w).

(12)

Therefore, denoting by (Π∗)−1 the inverse of Π∗ : L1(CPn) → Π∗(L1(CPn))
we have ∆ = ∆C ◦ (Π∗)−1 on Π∗(L1(CPn)). As eigenfunctions of ∆ in
L1(S2n+1) of eigenvalue at most 4t(t + n) are in P2t(S

2n+1), this directly
shows that Π∗(Rt(CPn)) ⊂ P2t(S

2n+1), so Rt(CPn) ⊂ Pt(CPn). To the end
of showing the reverse inclusion, observe from the well-known decomposition
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[1, Theorem 5.7] of the space of homogeneous polynomials of fixed degree
into a direct sum of spaces of homogeneous harmonic polynomials that for
any f ∈ P2t(S

2n+1) that there exist eigenfunctions fi ∈ Pi(S
2n+1) of ∆

with eigenvalue i(i + 2n) (or zero) which are homogeneous of degree i (if

nonvanishing) for i ∈ {0, ..., 2t} such that f =
󰁓t

i=0 fi. Then, we see that
if f ∈ Π∗(Pt(CPn)), we must have fi ∈ Π∗(Pt(CPn)), so each fi is an
eigenfunction of ∆C◦(Π∗)−1 with eigenvalue at most 4t(t+n). Therefore, we
have f ∈ Π∗(Rt(CPn)), proving that Pt(CPn) ⊂ Rt(CPn). This completes
the proof that Pt(CPn) = Rt(CPn) □

5.2. Approximate t-design curves on odd-dimensional spheres. In
this subsection, we finish the proof of the main result of this work, Theorem
1.6, to address an approximate analogue of all open (d > 3) settings of the
problem of Ehler and Gröchenig of finding sequences of t-design curves on
Sd of asymptotic order of length td−1 as t → ∞.

Proof of Theorem 1.6. Fix notation as in the theorem statement and con-
sider a sequence (Yt)

∞
t=0 of t-design sets on CPn of asymptotically optimal

size |Yt| ≍ t2n, as we know exists from Proposition 5.1. With notation
as in Theorem 1.8, we take Wt := WYt alongside δ = δt := min(1,Wt)/t
and consider the simple εt-approximate t-design cycle γt := γYt of length
ℓ(γt) = 2π|Yt| +Wt − δt guaranteed to exist from the theorem paired with
Remark 3.1 for εt := Wt/(π|Yt|). Noting from the definition of Wt in Sub-
section 4.2 and considering the covering radius ρt of Yt, we can see that
Wt ≤ (|Yt|− 1)ρt/4. Therefore, noting from Proposition 5.2 combined with
Lemma 5.3 that ρt ≍ 1/t and that |Yt| ≍ t2n as t → ∞, we have that
Wt ≲ t2n−1 as t → ∞. Therefore, we have δt ≲ 1/t as t → ∞, so ℓ(γt) ≍ t2n

and εt ≍ t2n/t2n+1 = 1/t as t → ∞. □

5.3. Approximate t-design curves on even-dimensional spheres. Con-
sider the result of Ehler and Gröchenig [12, Sections 4-6] which provides a
construction of t-design curves on Sd from t-design curves on Sd−1, which
we note extends to the setting of εt-approximate t-design curves:

Proposition 5.4 (Sections 4-6 of Ehler and Gröchenig [12]). Fix d ∈
{2, 3, ...}, εt ≥ 0 for t ∈ N, and a sequence (αt)

∞
t=0 of εt-approximate t-

design curves on Sd−1. There exists a sequence (γt)
∞
t=0 of εt-approximate

t-design curves on Sd of asymptotic order ℓ(γt) ≍ td−1ℓ(αt) of arc length as
t → ∞.

This extension to εt-approximate t-design curves follows exactly as in the
original proof, so we appeal to that work [12, Sections 4-6] to prove Proposi-
tion 5.4. Theorem 1.7 then directly follows from combining Proposition 5.4
with Theorem 1.6.
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6. Further work

There are numerous avenues for continued study of weighted and approxi-
mate t-design curves. In the case of weighted curves, it would be interest-
ing to provide explicit constructions of asymptotically optimal sequences of
weighted t-design curves on Sd for all d ≥ 4, as was done for d ∈ {2, 3} in
Theorem 1.3. It would also be interesting to prove existence of asymptoti-
cally optimal sequences of simple weighted t-design curves on Sd for d ∕= 3.
A construction analogous to that of Theorem 1.5 on complex projective
spaces paired with a generalization of Theorem 2.2 we plan to formalize in
future work which gives a construction that builds weighted t-design curves
on odd-dimensional spheres from weighted ⌊t/2⌋-design curves on complex
projective spaces would provide such a result. It would also be interesting
to establish lower bounds on the asymptotic order of length of a sequence
of weighted (and, for that matter, unweighted) t-design curves on Sd as
d → ∞ and to prove existence of or explicitly construct sequences achieving
this bound. Finally, providing formulas for more short weighted t-design
curves would also be of interest.

In the case of approximate t-design curves, it would be interesting to es-
tablish lower bounds depending on εt on the asymptotic order of length of
a sequence of εt-approximate t-design curves on Sd as t → ∞ or d → ∞
and to investigate existence results for or constructions of sequences achiev-
ing these bounds. One subproblem of interest is investigating the existence
of sequences (γt)

∞
t=0 of εt-approximate t-design curves satisfying εt → 0 as

t → ∞ of arc length ℓ(γt) ≍ t2n−1 on S2n for any n > 1, the asymptotically
optimal arc length of a sequence of (non-approximate) t-design curves on
S2n+1. Another avenue of inquiry is determining whether there is potential
for “beautification” processes as in work of Ehler, Gröchenig, and Karner
[Section 3] to be used to produce curves satisfying interesting properties
(for example, (non-approximate) t-design curves) from the curves produced
as in Theorem 1.8. The creation of more specific examples of approximate
t-design curves for beautification and direct approximation purposes is also
a potential area of interest. Combining Theorem 1.8 with constructions of
t-design sets on CPn [17, 20, Tables 3 and 9.2] or S2 ∼= CP1 [2, 16, 32]
gives many such examples. Further directions of inquiry are discussed in
Subsections 6.1 and 6.2.

6.1. Hybrid t-designs. Hybrid t-design were recently introduced by Ehler
to be triples (X, γ, ρ) of a finite subset X ⊂ Sd, a continuous, piecewise
smooth, closed curve γ : [0, 1] → Sd with finitely many self-intersections,
and some ρ ∈ [0, 1] such that

ρ

|X|
󰁛

x∈X
f(x) +

1− ρ

ℓ(γ)

󰁝

γ
f =

󰁝

Sd

f dσ
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for all f ∈ Pt(S
d) [11, Definition 4.1]. The construction of Theorem 1.8

takes inspiration from the construction of König which builds a t-design set
on Sd by placing the vertices of a regular (t + 1)-gon on the preimages of
the complex projective map Π : Sd → CPn associated to a ⌊t/2⌋-design
set Y on CPn [18, Corollary 1]. Picking such Y alongside any y0 ∈ Y , we
take X0 to be the union of the vertices of a regular (t + 1)-gon on each
element of Yy0 := Y \{y0} and γ0 : [0, 1] → y0 to be the smooth closed curve

which traces around the great circle y0 ⊂ Sd. Then, the proof of König [18,
Corollary 1] (or equivalent proofs of other authors who later discussed this
phenomenon [19, 21]) may be directly used to show that (X0, γ0, 1− 1/|Y |)
is a hybrid t-design. We may also see that (X0, γ0, 0) and (X0, γ0, 1) are
not hybrid t-designs for t > 1. In the former case, we may see this because
(X0, γ0, 0) being a hybrid t-design is equivalent to γ0 being a t-design curve
and this is impossible since γ0 has image a great circle and thus can not be
a 2-design curve. In the latter case, we may see this because if (X0, γ0, 1)
were a hybrid t-design, that would imply that Π(X0) = Y0 = Y \ {y0} were
a t-design set, which is impossible since Y is a t-design set. This combined
with any construction of a ⌊t/2⌋-design set on CPn [17, 20, Tables 3 and
9.2] or S2 ∼= CP1 [2, 16, 32] gives a construction of a hybrid t-designs on Sd

whose constituent sets and curves are not t-design sets and t-design curves
respectively. Similarly, this combined with results on the asymptotic sizes
of t-design sets on complex projective spaces as t → ∞ [14, Theorem 2.2]
shows that there exist sequences of such hybrid t-designs with non-extremal
balancing constants whose constituent point sets and curves have asymptotic
orders of size and length td−1 and 1 respectively.

This construction is one example of a general strategy for providing straight-
forward examples of hybrid t-design curves communicated by Remark 6.1
which directly follows from the fact that the vertices of a regular (t+1)-gon
on S1 are a t-design set on S1.

Remark 6.1. Consider d ∈ N+, t ∈ N, a hybrid 0-design (X, γ, ρ) on Sd,
s > t, and a plane P ⊂ Rd+1 which intersects Sd in a circle such that
γ([0, 1]) ∩ P = Sd ∩ P alongside a continuous, piecewise smooth, closed,
surjective (or empty) curve γP : [0, 1] → γ([0, 1]) \ (Sd ∩ P ) with finitely
many self-intersections and the vertices XP of a regular s-gon on Sd ∩ P .
(X, γ, ρ) is a hybrid t-design if and only if (X ∪ XP , γP , ρ + 2π/ℓ(γ)) is a
hybrid t-design.

A theorem [11, Theorem 4.2(i)(iii)] of Ehler states that the triple of the set
{(0, 0,−1)}, the curve s 󰀁→ (2

√
2 cos s, 2

√
2 sin s, 1)/3, and the balancing con-

stant 1/4 constitutes a hybrid 2-design, while the set {(0, 0, 1), (0, 0,−1)},
the curve s 󰀁→ (cos s, sin s, 0), and the balancing constant 1/3 constitutes a
hybrid 3-design. In addition to being apparent from direct computation [11,
Theorem 4.2(i)(iii)], these results can be verified from Remark 6.1 combined
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with the facts that the vertices of a tetrahedron and of an octahedron con-
stitute 2 and 3-design sets respectively on S2. Generalizing these results to
arbitrary dimension d ∈ N using Remark 6.1, as the vertices {vi}d+1

i=1 of a

regular simplex constitute a 2-design set on Sd, we see that the triple of the
set {vi}d+1

i=4 , the curve s 󰀁→ Sd which traces around the unique circle con-
taining {v1, v2, v3}, and the balancing constant 1 − 3/(d + 1) constitutes a

hybrid 2-design, and since the vertices of a cross-polytope {±ei}d+1
i=1 ({ei}d+1

i=1

an orthonormal basis for Rd+1) constitute a 3-design set in Sd, we see that

the triple of the set {±ei}d+1
i=3 , the curve s 󰀁→ (cos s, sin s, 0, ..., 0), and the

balancing constant 1− 2/(d+ 1) is a hybrid 3-design.

6.2. Design submanifolds. It was noted in Subsection 4.1 that it is pos-
sible to adapt the methods of this work to produce copies of S3 and S7

embedded in spheres which approximately average degree at most t polyno-
mials on spheres from t-design sets on quaternionic projective spaces, the
octonionic projective lines, and certain lower-dimensional spheres. To for-
malize objects such as these, we introduce the notion of a (ε, c)-approximate
P -design submanifold of a smooth manifold M and a subspace P ⊂ L1(M),
which we define to be an immersed almost everywhere smooth submanifold
N ⊂ M such that

(13)

󰀏󰀏󰀏󰀏c
󰁝

N
f dωN −

󰁝

M
f dωM

󰀏󰀏󰀏󰀏 ≤ ε

󰀏󰀏󰀏󰀏sup
M

f

󰀏󰀏󰀏󰀏

for all f ∈ P , where ωN and ωM are the volume forms on N and M respec-
tively, normalized such that ωN (N) = ωM (M) = 1. When ε = 0, we say that
N is a P -design submanifold. When Pt(M) is a prescribed notion of polyno-
mials on M (for example, when Pt(M) is the space of diffusion polynomials
(eigenfunctions of the Laplace-Beltrami operator) or algebraic polynomials
(polynomials arising from an embedding of M into Euclidean space) on M),
we say that N is a (ε, c)-approximate t-design submanifold of M . And fi-
nally, we may also call N a (ε, c)-approximate t-design N -submanifold on
M , where the latter N is understood to be the homeomorphism class of N
(so, for example, t-design curves would be t-design S1-submanifolds).

It is possible to use a variety of principal bundles to produce constructions of
(ε, c)-approximate t-design submanifolds. In general, applying the methods
of this work to any bundle which gives rise to a result analogous to Lemma
4.1 provides such a construction.

In addition to this, constructions involving principal bundles can be used to
produce (non-approximate) t-design submanifolds. One example of such a
construction is the result of the present author [22, Theorem 1.3] presented
in the weighted setting in Theorem 2.2 which was used to prove existence
of asymptotically optimal t-design curves on S3. As mentioned in Section
6, this construction generalizes to a construction which builds weighted t-
design curves on odd-dimensional spheres from weighted ⌊t/2⌋-design curves
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Figure 6. A 3-design T 2-submanifold of S3 ∼= R ∪ {∞}.

on complex projective spaces which we plan to formalize in future work,
but it also generalizes further to a construction capable of building a P -
design submanifold of the total space M of a principal bundle π : M →
N satisfying certain conditions from a IπP -design submanifold A and an
almost everywhere smoothly varying P |π−1(x)-design submanifold on π−1(x)
for each x ∈ A. Future work may explore P -design submanifolds which arise
from this construction.
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