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ABSTRACT. Ehler and Grochenig posed the question of finding ¢t-design
curves—curves whose associated line integrals exactly average all degree
at most ¢ polynomials—; on S% of asymptotically optimal arc length
£(v:) < t*" ! ast — co. This work investigates analogues of this question
for weighted and e:-approrimate t-design curves, proving existence of
such curves 7; on S¢ of arc length £(7;) < t4~" as t — oo for all d € N
in the weighted setting (in which case such curves are asymptotically
optimal) and all odd d € N4 in the approximate setting (where we have
et < 1/t as t — o00). Formulas for such weighted ¢-design curves for
d € {2,3} are presented.

1. BACKGROUND AND MAIN RESULTS

Spherical t-designs were introduced by Delsarte, Goethals, and Seidel [9] to
be finite subsets of spheres such that any polynomial of degree at most t
has the same average on a t-design as on the entire sphere. These objects
are of interest for providing a notion of a “good” finite approximation of the
sphere and for their connections to other areas of combinatorics [3], data
analysis on the sphere, numerical analysis, and beyond. Of special interest
are optimally small ¢-designs, which generally prove difficult to construct.
Existence of t-designs on S¢ for all t and d was proven by Seymour and
Zaslavsky [27, Corollary 1], but the size of the smallest t-design on S¢ is open
in almost all cases. Delsarte, Goethals, and Seidel provided lower bounds of
asymptotic order t% as t — oo on the sizes of spherical t-designs on S¢ for
all t,d € N [9, Definition 5.13], but even the asymptotic order of size of an
optimally small sequence (X;)$2; of t-designs on S¢ as t — oo for d > 1 was
a major open problem in the field for decades. Progress during this period
included work of Mhaskar, Narcowich, and Ward [23] which showed that
there exist weighted t-designs (W;)22, on S¢ (with almost equal weights)
satisfying |W;| =< t% as t — oco. The problem was finally resolved in the
unweighted setting when Bondarenko, Radchenko, and Viazovska showed
that the lower bounds [9, Definition 5.13] of Delsarte, Goethals, and Seidel
are asymptotically optimal up to constants depending only on d, proving
that there exist constants Cy > 0 depending only on d such that for any
1
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C > Cy and t € N, there exists a (unweighted) ¢-design on S? of size Ct¢
[4, Theorem 1].

Motivated by the applications curves have had to experimental design and
data analysis on the sphere through techniques such as mobile sampling
[12, Section 1], Ehler and Grochenig introduced spherical t-design curves,
curves such that any polynomial of degree at most ¢ has the same average
value along the curve as on the entire sphere [12, Definition 2.1]. In analogy
with spherical t-designs (henceforth called spherical ¢-design sets), particu-
larly short ¢-design curves are of special interest in this setting. Ehler and
Gréchenig showed that for any sequence (7;)§2; of t-design curves on S
the length £(;) of v satisfies £(7;) = t9~! (i.e. there exists a constant cq de-
pending only on d such that £(v;) > cqt%"1). These authors called sequences
achieving asymptotic equality up to a constant depending only on d in this
bound asymptotically optimal and posed the problem of proving existence
of asymptotically optimal sequences of t-design curves on S%, which they
solved for d = 2 using the d = 2 case of the aforementioned result of Bon-
darenko, Radchenko, and Viazovska [4, Theorem 1]. The present author
solved this problem for d = 3 [22, Theorem 1.2], but it remains open in
all other dimensions, motivating the exploration of analogues of this prob-
lem concerning classes of curves which could find use in the potential data
analysis and experimental design applications spherical ¢-design curves were
introduced to have. Recently, Ehler, Grochenig, and Karner presented re-
sults concerning such a problem, proving existence of sequences (v;);2; of
curves (specifically, geodesic cycles) satisfying Marcinkiewicz-Zygmund in-
equalities [13, Property (i) in Theorem 1.1] of asymptotic order of length at
most ¢4~ ! as t — oo [13, Theorem 1.1], matching the known lower bound [12,
Theorem 1.1] on the asymptotic order of length of a sequence of spherical
t-design curves as t — co. The main results of this manuscript, communi-
cated by Theorems 1.3 and 1.6, are that there exist sequences indexed in
t of generalizations of t-design curves we call weighted and e.-approzimate
t-design curves achieving this asymptotic order of arc length on all spheres
in the weighted setting (in which case this asymptotic order of arc length
is optimal) and all odd-dimensional spheres in the approximate setting (in
which case we have ¢, < 1/t as t — 00).

Consider d € Ny = {1,2,...}, t € N := {0,1,...}, and a continuous,
piecewise smooth, closed curve 7 : [0,1] — S? with finitely many self-
intersections. Take P;(S%) to be the space of restrictions to S of real-valued
polynomials on R%! of degree at most ¢, where such a polynomial is an el-
ement of the span over R of products of at most ¢ coordinate functions
R 5 R. Also take o to be the uniform measure (meaning on a measure
on a metric space with respect to which any two balls of the same radius
have the same measure) on S% normalized so that o(S%) = 1.
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Definition 1.1. We say that v is a weighted t-design curve if
1
| rownas= [ ras
0 Sd

Definition 1.2. For any ¢ > 0 and ¢ > 0, we say that v is an (g,¢)-
approximate t-design curve if

C/yf_/sdfda

for all f € Pi(S9), where

Lf1= /Olf(’)’(s))|’)’/(8)|ds.

If ¢ = 1/4(y) (where {(v) := fv 1 is the length of 7), we say that v is an
g-approximate t-design curve.

for all f € P,(S9).

<e

sup f
Sd

In analogy with work of Ehler, Grochenig, and Karner [13], we call a weighted
or (g, c)-approximate t-design curve which is also a geodesic cycle—meaning
that its image is a union of finitely many geodesics on S%—a weighted or
(e, ¢)-approximate t-design cycle.

Weighted spherical t-design sets—and, more generally, quadrature and cuba-
ture formulas—have received substantial study [15, 31, 30, 28, 25, 29, 7, 8].
Such objects are often defined as a pair of a finite subset of a sphere and
positive weight function on this set, but in the curves setting, we encode the
information of a “weighting” in the parametrization of the curve. There-
fore, t-design curves are exactly curves which, when reparametrized to have
constant speed, are weighted t-design curves.

To the knowledge of the author, the notion of approximate t-design sets
analogous to that of Definition 1.2 has seen less study than that of weighted
t-design sets: in fact, other inequivalent notions of “approximate” spherical
t-design sets which have been investigated [33] are specifically weighted ¢-
design sets with “approximately equal” weights. The present author is not
aware of investigation of the notion of an approximate t-design set or curve
described in this work prior to previous work [22, Section 3] of the author
in which Theorem 1.6 was stated without proof as an example of further
work to be done past the main result of that paper [22, Theorem 1]. e-
approximate t-design sets were recently independently introduced and first
formally explored alongside another novel notion of approximate t-design
sets in work of Dillon [10, Subsection 6.1].

For any d € N4 and ¢ > 0, it is straightforward to construct the natural
notion of a weighted e-approzimate t-design curve on S with no singulari-
ties by considering a curve [0,1] — S such that (s) is in a small enough
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neighborhood of a t-design set for all s in a subset of [0, 1] having measure
close enough to 1, so we only consider these two generalizations of ¢t-design
curves separately. We first discuss the main results of this work concern-
ing weighted t-design curves, then those concerning approximate t-design
curves.

Theorem 1.3 (Main theorem on weighted t-design curves). For any d > 1,
there exists a constant Cy_1 € 27 such that for any t € Ny and C >
7Cy_ 1t~ there exists a weighted t-design curve on S of length C. Fizing
t € N and considering any continuous, piecewise smooth map 6y : [—1,1] —
R, such a curve is given by the weighted (2t — 1)-design curve

(o1, 0, 3) = [0,1] — 52,
a1 (s) = (=12l (4ts — 2| 2ts| — 1),
as(s) = /1 — ai(s)? cos(m|2ts] [t + O1(a1(s))),
as(s) = /1 — ay(s)?sin(m|2ts] /t + O1(a1(s)))

for d = 2 and C > 27t (with equality if 61 is constant). When 01(0) #
mm — 2n7w/t for all m,n € Z and considering any continuous, piecewise
smooth map 62 : [0,1] — R such that 62(0) — 62(1) € 27Z, such a curve is
given by the weighted (4t — 1)-design curve

(1)

0,1] — 5% c C?
1 az(r) =101 (r) \ oristioa(r)
2 — — 1+ , mis+ib2(r ,
@) i V2 < as(r) 1+ as(r) ‘

r = 4nts — |4nts]

ford =3 and C > 27v/32t* — 8t2 + 1 (with equality when 0y is constant for
some 63 ).

By Proposition 2.3 (which communicates an analogue of a result [12, The-
orem 1.1] of Ehler and Grochenig in the weighted setting), the weighted
t-design curves described in Theorem 1.3 are asymptotically optimal, in the
sense that any sequence {w;}$, of such curves on S¢ achieves the optimal
asymptotic order of length £(w;) < t?~1 as t — oo of a sequence indexed in
t of weighted t-design curves on S%.

In analogy with results concerning the asymptotic order of size of weighted
t-design sets on spheres [31, 10], we also prove a result concerning the as-
ymptotic order of length of weighted ¢-design curves in dimension d for fixed
strength t.

Theorem 1.4. For any t € N, there exists a constant Dy € 27 such that

for any d € N and D > wDyd'~", there exists a weighted t-design curve on
S? of length D.
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Note that the weighted t-design curves said to exist in Theorem 1.4 are
not in general asymptotically optimal as d — co: we may produce weighted
2-design and 3-design curves on S¢ of lengths 7d and 27d respectively by
applying Theorem 1.5 to the vertices of a regular simplex (for d even) and
cross-polytope on S% which respectively constitute 2-design and 3-design
sets. Theorem 1.5 communicates a construction of weighted t-design curves
on S¢ from weighted t-design sets on S%~! which we apply alongside exis-
tence results for unweighted and weighted ¢-design sets satisfying the desired
asymptotics in strength ¢ [4, Theorem 1] and in dimension d [10, Theorem
1.6] to prove Theorems 1.3 and 1.4.

Theorem 1.5. For d > 1, t € N, a weighted t-design set (X = {x;}2,\)
on S41 and any smooth path M : [—1,1] — O(d) in the space of orthogonal
transformations of R, wx,m constructed as in (3) is a weighted t-design
curve on S of length greater than or equal to m|X| (with equality when
M is constant) with self-intersections and singularities exactly in the set

(S A

We now discuss the main results of this work in the setting of approximate
t-design curves.

Theorem 1.6 (Main theorem on approximate ¢-design curves). For any
n € N, there exists a sequence (V¢);2, of simple ei-approzimate t-design
cycles on S*" 1 satisfying €(v;) < t* and e; < 1/t as t — co.

From Theorem 1.6, we see Theorem 1.7 by applying a construction [12,
Sections 4-6] of Ehler and Gréchenig that builds a t-design curve on S¢
by placing a t-design curve on each spherical cap around a point of a t-
design set on S which Proposition 5.4 communicates in the approximate
setting.

Theorem 1.7. For any n € N, there exists a sequence ()i, of simple
e¢-approzimate t-design curves on S?" satisfying e, < 1/t and £(y;) < =3
ast — oo.

We discuss in Remark 3.5 how, for any p € N, the sequences discussed
in Theorems 1.6 and 1.7 are also sequences of (g, || - ||p)-approximate ¢-
design curves, where such an approximate design curve is a curve satisfying
a condition equivalent to Definition 1.2 but where the LP norm || - ||, is
used instead of the L* (supremum) norm. Thus, the subsequence (y,¢):2,
for 4, as in either theorem satisfies the definition [13, Definition 4.1] of a
Marcinkiewicz-Zygmund family for L? for all even ¢ € N in addition to
satisfying the definition for ¢ = oco.

We prove Theorem 1.6 by combining existence results for ¢-design sets on
the complex projective space CP" we define in Subsection 5.1 satisfying
the desired asymptotics in strength ¢ with a construction of approximate
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t-design curves on S?"*! from |t/2]-design sets on CP" communicated by
Theorem 1.8.

Theorem 1.8. Fiz n,t € N alongside a |t/2]-design set Y on CP" and
constants

Wy € <0,(|Y| —1) sup d(y1,y2)|, My >0
y1,Yy2€Y

as in Subsection 4.2. For any § € (0,My), we may construct a simple
(Wy + 6)/@2r|Y|), 1/(27|Y]))-approzimate t-design cycle vy on S*F1 of
length £(vy) = 2x|Y | + Wy — 4.

Applying Remark 3.1, we can see that vy as in Theorem 1.8 will also be
a (Wy /(rm|Y|))-approximate t-design curve. Additionally, applying Lemma
3.3 alongside Remark 3.1 and noting that we can make § > 0 arbitrarily
small, we can see that Theorem 1.8 still holds when vy is a smooth ey-
approximate t-design curve rather than an ey-approximate t-design cycle.
Similarly, Theorem 1.6 also holds when (1;)2, is a sequence of smooth &;-
approximate t-design curves rather than ;-approximate t-design cycles.

Note that Theorems 1.6 and 1.8 hold (with slight changes to constants in
Theorem 1.8 by a factor of (about) 2) when S is replaced with d-dimensional
real projective space RP?. We do not explicitly treat the real projective case
to slightly simplify the proofs below, but the theorems follow from exactly
the same methods described.

We prove Theorem 1.5 and then apply this theorem to show Theorems 1.3
and 1.4 in Section 2. We then make basic observations about approximate
t-design curves in Section 3 and apply these observations and other results
to prove Theorem 1.8 in Section 4 and Theorem 1.6 in Section 5. Finally,
we discuss further related work in Section 6.

2. WEIGHTED t¢-DESIGN CURVES

In this section, we prove Theorem 1.5, then use this result combined with
existence results for unweighted and weighted t-design sets satisfying the
desired asymptotics in strength ¢ [4, Theorem 1] and in dimension d [10,
Theorem 1.6] to prove Theorems 1.3 and 1.4. To this end, we first introduce
weighted t-design sets.

Definition 2.1. The pair (X, )\ : X — R) is called a weighted t-design set
if

Y Ma)f(x)= | fdo

zeX s

for all f € P,(S9).
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FIGURE 1. Images of the weighted 1-design curve wy, 1q
(left) and the weighted 3-design curve wy, 14 (right) on S?
respectively resulting from the construction of Theorem 1.5
applied to a 1-design set (antipodal points V5) and 3-design
set (the vertices Vj of a 4-gon) on S*.

Ford € Ny, t € N, a weighted t-design set (X = {z;}2],\) on S¢~!, and any
smooth path M : [ 1,1] — O(d) in the space of orthogonal transformations
of R?, we consider the curve

wx,m = (Wr, wga) : [0, 1] — S c R xR

U)R(S) = (—1)i(2(8 — Ai—l) — 1), 'LURd =/ 1-— U)R M 'LUR

(3)
for ie{l,..,2N}, Ai::Z)\(mj), s € [Ai1, Ay

We may observe wx s is a continuous, piecewise smooth curve of length
at least 2r N (specifically, for any dys € [0,00), we may select M such that
wx, v has length 27N 4 dp7) which has self-intersections and singularities
exactly at s € {A;}7,. Additionally, note that wy s is a geodesic cycle
when M is constant. We will now verify that wx s is a weighted t-design
curve on S%.

Proof of Theorem 1.5. Consider d € Ny, t € N, wx s as in (3) and f €
P;(S%) alongside the map h : S — [—1,1] taking w ~ w;, whose preimages
h~Y(s) we equip with the uniform spherical measure o normalized so that
o(h™1(s)) = 1. Note that f|,-1(5) is a polynomial of degree at most ¢ on
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FIGURE 2. Images of a weighted 1-design curve (left) and
a weighted 3-design curve (right) on S = R3 U {oo} respec-
tively resulting from the construction of Theorem 1.5 applied
to a 1-design set (antipodal points) and 3-design set (the ver-
tices of an octahedron) on S2.

h=1(s) = S9! for all s € [0,1]. We therefore see that

1 2N oA
/0 Fluxai(s)ds =3 /A " Fx() ds

so wx, v is a weighted ¢-design curve. (I

Fix any ¢t € N and a continuous, piecewise smooth function 6; : [-1,1] — R.
Noting that the vertices V; 41 of a (¢ + 1)-gon are a t-design set on S* for all
t € N, we can see from Theorem 1.5 that Wy, ci01(s) AS 1N (3) is a weighted
(2t — 1)-design curve on S? of length greater than or equal to 27t (with
equality if 07 is constant). Observing that Wy, ci0(s) 18 exactly the curve
(1) then completes the proof of Theorem 1.3 when d = 2. Now, also note
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that the construction [22, Theorem 1.3] which builds a simple ¢-design curve
on S3 from a |t/2]-design curve on S? directly generalizes to the setting of
weighted t-design curves to provide the result of Theorem 2.2.

Theorem 2.2 (Weighted analogue of Theorem 1.3 in work [22] of the present
author). For any t € N, a weighted |t/2]-design curve a = (ar,ac) on
S?2 C R x C satisfying ar(s) # —1 for s € [0,1], and any continuous,
piecewise smooth function 6 : [0,1] — R satisfying 0(0) — 0(1) € 27Z, the
curve

Yo : [0,1] = S C C?,
s o ar(r _ac(r) o2mis+if(r)
v % <m, 1 +aR(7‘))
for r:=(t+1)s—[(t+1)s]

is a weighted t-design curve on S3.

The proof of Theorem 2.2 follows as in the unweighted setting [22, Theorem
1.3], so we refer to that proof to verify the theorem. Note also that we
may pick € such that v, ¢ is an (unweighted) ¢-design curve (which we may
assume is simple as in work of the present author [22, Proof of Theorem
1.3]—more generally, for any € > 0 and 60, we may pick 6 such that 7, g,
is simple and £(7q,0,) = ¢(Ya,6,) + €) when |o/| is bounded on the subset of
[0,1] on which « is smooth by varying 6 such that [y, o(s)| is constant for
all s € [0,1] at which 7, is smooth.

Now, assuming 60;(0) # mm — 2nn/t for all m,n € Z, we may observe that
setting (a1, az, az) = wy,, o), az(s) # —1 for all s € [0,1]. Considering a
continuous, piecewise smooth curve 63 : [0, 1] — R such that 62(0) — 62(1) €
277, we may therefore set a = (a3, a2, 1) and @ = 9 in Theorem 1.3 to
produce a weighted (4t —1)-design curve ¥(a, as,a1),0 00 S3 of length greater

than or equal to 2mv/32t* — 8¢2 + 1 (with equality when 6; is constant for
some #3). Also observe from Theorem 2.2 that for any #; and 62, we may
perturb 2 such that (2) will be simple. Then, since V(as,az,ar),0, 18 exactly
the curve (2), we have completed the proof of Theorem 1.3 when d = 3.

We now prove Theorem 1.3 for any d € N,. Take Cy_; as in work of
Bondarenko, Radchenko, and Viazovska [4, Theorem 1] and add 1 to Cy_;
if needed to assume it is even. Then, for any ¢ € N, there exists a t-design
set X on S% 1 of even size Cy_1t*!. For any C' > 7nCy_1t%!, we may
therefore pick smooth M : [0,1] — O(d) such that wx s is a weighted t-
design curve of length C' with self-intersections and singularities exactly in

d—1
the set {i/Cd_ltd_l}f:‘ialt , proving Theorem 1.3. We see from Proposition
2.3 that the asymptotic order of length of these curves is optimal among
weighted t-design curves.
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Proposition 2.3. For each d € N, there exists a constant cq > 0 such that

for any t € N, the length of any weighted t-design curve on S is at least
d—1

Cdt .

This proposition follows exactly as the proof of Theorem 1.1 of Ehler and
Grochenig [12], which provides this result in the case of unweighted ¢-design
curves.

Additionally, note from work of Dillon [10, Theorem 1.6] that for each ¢ € N,
there exists a constant D; we may assume is even such that for any d € N,
there exists a weighted t-design set on S? of size at most D;d*~'. Then, for
any D > 7Dt we may pick smooth M : [0,1] — O(d) such that wx » is a
weighted t-design curve of length D with self-intersections and singularities
at exactly |X|+ 1 values in [0, 1], proving Theorem 1.4.

3. APPROXIMATE t-DESIGN CURVES

We now prove facts about (e, ¢)-approximate t-design curves. We first dis-
cuss basic observations about (e, ¢)-approximate t-design curves in Subsec-
tion 3.1, then discuss how (g, ¢)-approximate ¢t-design curves satisfy the ana-
logue of Definition 1.2 in which the supremum of f on S? is replaced with
the LP norm of f on S? for all p € N in Subsection 3.2.

3.1. Initial observations. To the end of making initial observations about
(¢, c)-approximate t-design curves on S¢, fix any d € Ny, t € N, ¢ > 0,
and ¢ > 0. The first observation we find it natural to make about (g, c)-
approximate t-design curves is that any continuous, piecewise smooth curve
7 :[0,1] = S%is a (cl(7) + 1, c)-approximate ¢-design curve on S for any
¢ > 0, while O-approximate t-design curves are exactly t-design curves as
defined by Ehler and Grochenig [12, Definition 2.1]. Additionally, we may
observe taking f = 1 in Definition 1.2 that there are no (g, ¢)-approximate
t-design curves v for ¢ &€ [(1 —€)/4(), (1 + ) /4(7)].

We now discuss how the error term ¢ changes when we change the scaling
constant ¢ associated to an (e, ¢)-approximate t-design curve, which we use
in Subsection 5.2 to assume the curves ()72, in Theorem 1.6 have scaling
constant 1/¢(~;); i.e. that they are e-approximate t-design curves.

Remark 3.1. Consider any ¢ > 0 alongside an (g, ¢)-approximate t-design
curve v on S%. We may see since
@[ 1
¥

<e

/Sdfda

for any f € P,(S?) that v is also an (¢ + |¢ — ¢|¢(Y), ¢)-approximate t-design
curve.

= (e +[c—cle(v))

sup fl+ sup f
Sd
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We now mention how a continuous, piecewise smooth, closed curve whose im-
age coincides with a piecewise smooth topological 1-manifold which exactly
averages polynomials of degree at most ¢ on S¢ will be an (g, ¢)-approximate
t-design curve for € and ¢ which depend on how closely the image of the
curve coincides with the manifold.

Lemma 3.2. Consider a piecewise smooth topological 1-manifold L C S¢
sup f

satisfying
c/ fds —/ fdo
L gd

and a continuous, piecewise smooth, closed curve v : [0,1] — S, where s
is the arc length measure on L. Defining | := v~ 1(y([0,1]) N L) and setting
ey =+ c(|L| +L(v) — 20(v|1)) for |L| := s(L), v is an (e, c)-approximate
t-design curve.

<e

Proof. For any f € P,(S%) and taking s to be the arc length measure on L,

we have
/fds=/ f+/ fds-l-/ - f
L ol L\~(1) 70,1\t 70,1\t

:/f+/ fds—/ f.
Y L\~ (1) ’Y|[o,1]\l

Therefore, we can see that

ssuprc/fds— fdo
Sd L Sd
- c</f+/ ras— | f>_/ o
v L\y(1) Yo, 1\ Sd
>[5 [ fao|=c|[ gas— [ g,
Sd L\~() ’Y|[0,1]\l
so we have
/ /fda <€supf +c/ fds—/ f‘
L\~(1) ’Y|[0,1]\l
< (e (] + £0) = 26010 fsup .
S’
This is exactly the desired result. (]

We now discuss how any (e, ¢)-approximate t-design curve on S¢ may be
perturbed to be smooth and, if d # 2, simple.

Lemma 3.3. Consider an (g, c)-approzimate t-design curve vy on S, For
any 0 > 0, there exists a smooth (¢ 4+ 2dc, ¢)-approzimate t-design curve 5
on S¢ of length £() = £(y) + 6. If d # 2, we may take 5 to be simple.
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Proof. With notation as in the theorem statement, take S to be the (fi-
nite) set of s € [0,1] such that ~(s) is not smooth. Consider an open
subset S C [0,1] such that £(y|g) = 6/2 and S C (S). We may then
smooth v to any curve 7 which coincides with v on [0,1] \ S and satisfies
(¥|ls) = 6/2. We then see from Lemma 3.2 that 7 satisfies the desired
properties. As (e + 2dc¢, ¢)-approximate ¢-design curves have finitely many
self-intersection points, we may perform this same procedure taking S to be
these self-intersection points to ensure 7 will be simple. ([l

3.2. LP norms. For a norm || - ||, on the space P;(S9) of polynomials on
S?, we say a continuous, piecewise smooth, closed curve 7 : [0,1] — S with
finitely many self-intersections is an (e, ¢, || - ||«)-approximate t-design curve

if
clf—/gdfdo

for all f € P,(S?). Fix norms ||-||; and ||-||2 on P;(S?). As P,(S%) is a finite-
dimensional vector space, there exist constants ¢;, Cy > 0 such that

cel [ flle < [[fll2 < G|l

for all f € P,(S?). Then, we see that any (e, c,|| - ||2)-approximate t-design
curve is a (Cie, ¢, || - ||1)-approximate t-design curve. Therefore, taking || -
l[1 := || - [lso to be the L* norm on P;(S?%), we see that an (e,c,|| - ||2)-
approximate t-design curve is a (Cie, ¢)-approximate t-design curve. The
curves 7, of interest in Theorems 1.6 and 1.7 are then (Ciey, ¢)-approximate
t-design curves. Taking || - |2 = || - ||, to be the L? norm on P;(S9) for any
p € N and recalling that we normalize the uniform spherical measure o on
S4 such that o(S?%) = 1, we then see that

p 1/p
il = ([, bup | @) <

so we may take Cy := 1 to prove Remark 3.4.

<el[fl]«

sup f supf' — 1 £lls
Sd Sd

Remark 3.4 (Corollary of Theorem 1.6). For any d € N and € > 0, any
e-approximate ¢-design cycle on S is a (g, || -||,)-approximate ¢-design cycle
on S% for all p € N.

Remark 3.5. For any p € N, a sequence ()72, as discussed in Theorems
1.6 or 1.7 is thus a sequence of (&, || - ||p)-approximate t-design cycles for all
p € N. Note then that for any p € N, the sequence ()2, satisfies the
definition [13, Definition 4.1] of a Marcinkiewicz-Zygmund family for L9(S%)
for all even ¢ € {c0,1,...,p} with A = (1—2,)"/? and B = (1+&,)"/?, where
we have

- 1
Ep i=Supep X — as p— oQ.
teN p
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4. BUILDING APPROXIMATE t-DESIGN CURVES

In this section, we prove Theorem 1.8. We introduce complex projective
t-design sets and discuss how they can be used to average degree at most
2t+1 spherical polynomials in Subsection 4.1, then describe the construction
of Theorem 1.8 and use the understanding of complex projective t-design
sets discussed in Subsection 4.1 to verify the theorem in Subsection 4.2. As
noted in Section 1, note this proof applies to show the result of Theorem
1.8 (with slight modifications to certain constants by a factor of (about) 2)
when 5S¢ is replaced by RP?.

4.1. Complex projective t-design sets. In this subsection, we first in-
troduce complex projective t-design sets, then discuss how these objects can
be used to average degree at most 2t + 1 polynomials on spheres. To this
end, we define the complex projective space CP™ of complex dimension n to
be the quotient of S?**1 by the multiplicative action a + az of S C C on
(n+1)-dimensional complex vector space C"*! 5 §27+1 and equip CP" with
its uniform measure p normalized so that p(CP") = 1. We also consider the
complex projective map

(5) II: $** 5 CP?, wes W] = {wz|ze S8}

(which we note pushes forward the uniform spherical measure o to p) and
denote by

(6) P(CP") :={f:CP" - R|II"f € PZt(Sszrl)}

the space of polynomials of degree at most ¢ on CP". We then say a finite
subset Y C CP" is a complex projective t-design set on CP" if

1

= g(y) = / gdp
Y= cpn

for all g € P,(CP"). Lemma 4.1 describes how complex projective ¢-design

sets average spherical polynomials.

Lemma 4.1. Consider a t-design set Y on CP™. For any f € Por1(S?"F1),

we have .
— fds= f do,
QW‘Y‘ /Hl(y) Sd

where s is the arc length measure on II71(Y).

This is the fundamental observation behind the construction which uses the
complex projective map to build a family of t-design sets on S$?"*! from
a [t/2]-design set on CP" introduced by Konig [18, Corollary 1] and also
investigated by Kuperberg [19, Theorem 4.1]. This phenomenon was further
investigated by Okuda [26, Theorem 1.1, who—inspired by the independent
observation of the construction by Cohn, Conway, Elkies, and Kumar [6,
Section 4]—verified a related construction which uses the Hopf map to build
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FIGURE 3. The preimage II71(0) C $3 = R3U{oco} under I
of the 3-design set on CP! corresponding to the vertices O of
an octahedron under the association CP! = §2 [3, Example
2.7]. The average of any degree at most 7 polynomial on
I1-1(0) equals the average of this polynomial on S3.

a family of t-design sets on S° from a [¢/2]-design set on S? = CP'. This was
generalized to work of the present author [21, Theorem 1.1] which verifies
constructions that build a t-design set on S*"*3 from a |t/2]-design set on
the quaternionic projective space HP" (or S* = HP! when n = 1) and a
t-design set on S? and a t-design set on S'° from a [t/2]-design set on the
octonionic projective line OP! (or S8 = OP') and a t-design set on S”.
The methods used throughout this work can be applied alongside the result
analogous to Lemma 4.1 in these quaternionic and octonionic settings to
give rise to an analogue of Theorem 1.8 where Y is a [t/2]-design set on
HP" or OP! = S8 and ~y is diffeomorphic to S3 or S7 respectively and
approximately averages degree at most ¢ polynomials in a sense (13) similar
to that of Definition 1.2.

A proof of Lemma 4.1 can be found by appealing to the result of Konig
[18, Corollary 1] or by applying methods used in that work, the work of
Kuperberg [19, Theorem 4.1], or that of the present author [21, Theorem
1.1].

4.2. Connecting fibers. In this subsection, we prove Lemma 4.2, then ap-
ply Lemma 3.2 to prove Theorem 1.8. To this end, for any finite subset
Y < CP", we consider a minimal spanning tree 7y (which may be con-
structed using any of a number of simple algorithms [24]) for the graph with
vertices the elements of Y and one edge for each pair y1,ys € Y such that
there exists a minimal geodesic between y; and 49 whose interior is disjoint
from Y which we assign a weighting equal to the length of this minimal
geodesic measured with respect to the metric

(7) depn ([w1], [we]) == iensf1 arccos(wi, zwa)R

on CP", where (,)r denotes the standard inner product on R***2. We
then take Wy to be double the sum of all weights of edges of 7y, Ny
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<y

FIGURE 4. Making the tree 7o as in Section 4 associated
to the vertices O of an octahedron on CP! = §2.

FIGURE 5. Connecting the disjoint circles comprising
I11(0) to form a path-connected figure I'o in accordance
with the tree 7o as in Figure 4. This is the image of a
(b +9)/(127 —6), 127 /(17w — §) )-approximate 7-design cy-
cle, with § as in Theorem 1.8.

to be the maximal number of edges connected to any vertex of 7y, and
My :=2n(]Y| —1)/Ny.

Lemma 4.2. Consider n € N, a finite subset Y C CP", any § € (0, My),
and the complex projective map I : S*" 1 — CP" as in (5). We may
construct a simple geodesic cycle vy on S*" 1 satisfying

v ([0, 1)\ (yy ([0, 1)) NTITH(Y'))

| WY)
YY)\ (v ([0, 1]) N ITTH(Y)|

0.

Applying Lemma 4.1 alongside Lemma 3.2 with L := II"1(Y) and 7 := 7y
for Y a complex projective [t/2]-design set, we obtain Theorem 1.8 as a
consequence of Lemma 4.2.
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Proof of Lemma 4.2. Denote by yo € Y the root of the tree Ty. For each
y € Y \ {yo}, consider the geodesic e, : [0,1] — CP" in the set of edges
of Ty satisfying e,(0) = p (p the parent of y in 7y) and ey (1) = y. For
zy € p, we consider a geodesic g., : [0,1] — S% on S? satisfying g, (0) = z,
and Il o g, = e, of minimal length, as can be explicitly constructed using
a straightforward procedure which amounts to solving an ODE [22, Lemma
2.1].

Ty

Denoting by {dy,;};%; the ny € {0,..., Ny} descendants of y € ¥ and con-
sidering any dq, . € [0,27/Ny — 8) for & := 6/(2(]Y| — 1)), we pick any
zy, € yo C S% and iteratively define

eQWij/ﬂy+(5d

Zd,; = Gz, (1) vi' €dyj C S

for ally € Y and j € {1,...,n,}. We can observe that the sets
Dy :={z,¢"” [0 € [0,6]} U{g:,(1)e” | 6 € [0,8]} cTI7(Y)
are pairwise disjoint for all y € Y'\{yo}, as for any y € Y and j € {1,...,ny},
we have
2m/ny — 64, ;4 +0a,,; = 2m/ny —ba,,; , >27/Ny — 27 /Ny + 5=0.

We can also arrange that the sets

Gy = g, ([0,1]) U <gzy([0, 1])65)

are pairwise disjoint by perturbing 6, € [0,27/Ny — §) for each y such that
there exists y € Y \ {yo} satisfying G, N Gy # 0. Therefore, noting that
G,NII7Y(Y) = 0G, = 9D, for all y € Y and that II"}(Y) and G, are finite
unions of geodesics in 2"+, we can see that the set

Ty = [IT'W\ U Dy | U Gy

yey yey

is a finite union of geodesics in S?"*1. Observing that II(G,) = e,([0,1]),
we can see that II(T'y) is exactly the union of the edges and vertices of the
connected graph 7y and thus is connected. Therefore, picking any continu-
ous, piecewise smooth, simple curve vy : [0,1] — T'y, 7y will be a geodesic
cycle satisfying

(0. 1)\ Gy (0, 1) NI (¥ )] = | Gy =23 tlg,) = Wy,

yey yey

T )\ (w ([0, 1) NI ()| = [ Dy| =21V - 1) =6
yey

as desired. 0
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5. ASYMPTOTICS OF APPROXIMATE t-DESIGN CURVES

We now use results concerning the asymptotic sizes of sequences of complex
projective t-design sets stated in Subsection 5.1 alongside the construction
communicated by Theorem 1.8 to prove Theorem 1.6 in Subsection 5.2,
then apply the construction established by Ehler and Gréchenig that builds
a t-design curve on S% from a t-design curve on S?~! (which extends to
a construction of approximate ¢-design curves) to prove Theorem 1.7 in
Subsection 5.3.

5.1. Complex projective t-design sets. In this subsection, we discuss as-
ymptotic results concerning different notions of complex projective t-design
sets, then present Lemma 5.3, which describes how these notions are equiv-
alent. To this end, consider the embedding

@ : CP" — C+1)* o R(2n+2)* [w] = ww*

(w* the conjugate transpose of w) of CP" into Euclidean space taking a point
[w] the projection matrix mapping C"*! to the complex line containing w.
We then define

(8) Q:(CP) := * (P, (RA+27%)),

Additionally, for Acpr the Laplace-Beltrami operator on CP", we denote by
R (CP") the space of diffusion polynomials of degree at most t on CP", the
span over R of real-valued eigenfunctions of Acpr in L'(CP") of eigenvalue
at most 4¢(t + n). Then, taking S; to be either Q; or R;, we say a finite
subset Y C CP" is a S;-design set if

1
> 9y) =/ gdp

Yl cpn
for all g € S;(CP").

Proposition 5.1 (The M = CP" case of Theorem 2.2 of Etayo, Marzo
and Ortega-Cerda [14]). For any n € N, there exists a sequence {Y;}i2, of
Q¢-design sets on CP" of asymptotically optimal size |Y;| =< t2".

Proposition 5.2 (Theorem 3.2 of Breger, Ehler, and Grif [5]). Fizn € N
and consider a sequence {Y;}72, of Ri-design sets on CP™. Defining

Dy := sup inf  dcpr(y1, 92
yeY; v2€Ye\{y1} w1,32)

for dcpn the metric on CP™ as in (7), we have Dy < 1/t as t — oo.

We use Lemma 5.3 to apply Propositions 5.1 and 5.2 to the setting of ¢-
design sets. For completeness, we provide a full proof of the lemma.

Lemma 5.3. For anyt € N, we have P,(CP") = Q;(CP") = R;(CP").
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As a corollary of this lemma, we see that the conditions that a finite subset
of CP" is a t-design set, a (Qy-design set, and a R;-design set are equiva-
lent.

Proof of Lemma 5.3. We first show that P;(CP") = Q;(CP"). To this end,
note that for any ¢ € C, the real and imaginary parts of ¢ respectively satisfy

) R(c) — %(E—i— 0, () = %(z _ o).

Observe from the definition (8) of Q;(CP™) that IT*(Q.(CP")) is exactly the
space of restrictions to S?"*! of elements in the span over R of products of
at most t of the functions

w = R(wiwj), w—= S(wigg) (4,5 €{1,...,n+1})

taking w € C"*t! =2 R?"*+2 to the real and imaginary parts of entries of ww*.
Thus, we may see from (9) that ITI*(Q;(CP"™)) C Py (S?"*1), so Q:(CP") C
P,(CP"). To the end of showing the reverse inclusion, pick g € P,(CP"). We
see from the definition (6) of P,(CP") that IT*g is in the space of restrictions
to S2"+1 of elements in the span over R of products of at most 2t of the
functions

wr R(wi), w—F(w) (Ged{l,...,n+1})

taking w € C"*! =2 R?27+2 to the real and imaginary parts of its entries. (9)
allows us to pick ¢ 3 € C for each (a, ) € I such that

n+1
(o)) = > cape™ for w = []wram®,
(a,8)el i=1

where we define

I:= {(a,/a) € N2tz

n+1
> (ai+Bi) < Qt} ;

=1

n+1
Z(O&i — ,81) = 0} .

i=1

Iy := {(CY,B) el

Note that w®? € Q;(CP™) for any (a, B) € Iy, so if we show that

(10) ()W) = D cap™’

(a76)€IO
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we will have IT*g € Q¢(CP"). Picking any zy, = (2w,1,-.-s Zwnt+1) € w for
w € CP" and fixing any (a,b) € I, we may observe that

[ 2t /Sl’ﬁlmg (ai0) do )

n+1

n+1

(H 02 )/ [[¢T"aoic
n+1 +1

=1

which equals 0 whenever (o, 8) € Iy. Picking any w € w € CP" and observ-
ing that w®? € IT*(LY(CP")) when (a, 3) € Iy and that

fw) = [ sao

for any f € IT*(L'(CP"™)), we therefore have that

76 €lo

Z Ca,gw B

(avﬁ)EIO

showing (10). Thus, II*g € II*(Q:(CP")), so P,(CP") C Q{(CP"). This
completes the proof that P,(CP") = Q:(CP").

We now show that P;(CP") = R;(CP"). To this end, note that for M an
m-dimensional Riemannian manifold with Riemannian metric (,), geodesic
normal coordinates {z; : M — R}™, in a neighborhood U of p € M,
and associated local frame {0; := 8%2_ ™., we have (0;,0;) = &;; (6;; the
Kronecker delta), so for any differentiable function f : M — R, the gradient
V f of f satisfies

V= 650:(0)di =Y 9;(f)0;

ij=1 j=1
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in U. Additionally noting that (V,0;), =0 for all i, j € {1, ..., m}, we may
see that for A the Laplace-Beltrami operator on M,

I

(Af)p) =) (Va,Vf, 0y

Now, fix any w € w € CP" and consider geodesic normal coordinates {x(lc :
CP" — R}?", on CP" in a neighborhood of w and the associated local

frame {GC 36<c . Setting z; := "z C , we may then consider geodesic

normal coordinates {:vl : 82+ RYZ%H on S27+! in a neighborhood U of
w satisfying
Dony1 = iw € T,,82" ! c cntt

for {0; = o }2”+1 the associated local frame. We may observe from the
definition of a local frame associated to a choice of local coordinates that
O; oITI* =1I* o 8;-[: for i € {1,...,2n}. We may also observe that for any g €
LY(CP"), 925,11 (IT*g) = 0 in U. Combining these facts with two applications
of (11), we can see that for any g € L'(CP"),

2n+1

(A(IT*g))(w) = Z (0i(0:(IT"g))) (w)

=Y (9:(0,(1T"9))) (w)

i=1
(12) 2n

2n

ZZ(a(C(@C( ) (w)

~.

()()

Therefore, denoting by (IT*)~! the inverse of IT* : L!(CP") — II*(L'(CP"))
we have A = A® o (IT*)~! on IT*(L'(CP")). As eigenfunctions of A in
LY(S?7+1) of eigenvalue at most 4t(t + n) are in Py (S?"+1), this directly
shows that IT*(R;(CP")) C Py (S*"*1), so R (CP") C P,(CP"™). To the end
of showing the reverse inclusion, observe from the well-known decomposition
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[1, Theorem 5.7] of the space of homogeneous polynomials of fixed degree
into a direct sum of spaces of homogeneous harmonic polynomials that for
any f € Pp(S?"*1) that there exist eigenfunctions f; € P;(S?"t1) of A
with eigenvalue i(i + 2n) (or zero) which are homogeneous of degree i (if
nonvanishing) for i € {0, ...,2t} such that f = 3°;_, f;. Then, we see that
if f e II*(P(CP")), we must have f; € II*(FP(CP")), so each f; is an
eigenfunction of ACo (IT*)~! with eigenvalue at most 4t(t+n). Therefore, we
have f € II*(R;(CP")), proving that P;(CP") C R;(CP"™). This completes
the proof that P,(CP") = R;(CP") O

5.2. Approximate t-design curves on odd-dimensional spheres. In
this subsection, we finish the proof of the main result of this work, Theorem
1.6, to address an approximate analogue of all open (d > 3) settings of the
problem of Ehler and Gréchenig of finding sequences of ¢-design curves on
S? of asymptotic order of length t~1 as t — oo.

Proof of Theorem 1.6. Fix notation as in the theorem statement and con-
sider a sequence (Y;)72,, of t-design sets on CP" of asymptotically optimal
size |Y;| < t?", as we know exists from Proposition 5.1. With notation
as in Theorem 1.8, we take W; := Wy, alongside 6 = §; := min(1, W;)/t
and consider the simple e;-approximate ¢-design cycle v; := 7y, of length
U(y) = 27|Yy| + Wy — 0y guaranteed to exist from the theorem paired with
Remark 3.1 for &, := W /(n|Y|). Noting from the definition of W; in Sub-
section 4.2 and considering the covering radius p; of Y;, we can see that
Wi < (|Yi| — 1)pt /4. Therefore, noting from Proposition 5.2 combined with
Lemma 5.3 that p; =< 1/t and that |Y;| < t?" as t — oo, we have that
W; <2771 as t — oo. Therefore, we have §; < 1/t as t — 0o, s0 £(7y;) < 2"
and g; < 2"/t = 1/t as t — oo. O

5.3. Approximate t-design curves on even-dimensional spheres. Con-
sider the result of Ehler and Gréchenig [12, Sections 4-6] which provides a
construction of t-design curves on S? from t-design curves on S%~!, which
we note extends to the setting of e;-approximate t-design curves:

Proposition 5.4 (Sections 4-6 of Ehler and Grochenig [12]). Fiz d €
{2,3,..}, e+ > 0 fort € N, and a sequence (a4)2, of et-approximate t-
design curves on S%1. There exists a sequence (7)o of et-approzimate
t-design curves on S¢ of asymptotic order £(v;) < t""(ay) of arc length as
t — o0.

This extension to e;-approximate t-design curves follows exactly as in the
original proof, so we appeal to that work [12, Sections 4-6] to prove Proposi-
tion 5.4. Theorem 1.7 then directly follows from combining Proposition 5.4
with Theorem 1.6.
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6. FURTHER WORK

There are numerous avenues for continued study of weighted and approxi-
mate t-design curves. In the case of weighted curves, it would be interest-
ing to provide explicit constructions of asymptotically optimal sequences of
weighted ¢-design curves on S¢ for all d > 4, as was done for d € {2,3} in
Theorem 1.3. It would also be interesting to prove existence of asymptoti-
cally optimal sequences of simple weighted t-design curves on S¢ for d # 3.
A construction analogous to that of Theorem 1.5 on complex projective
spaces paired with a generalization of Theorem 2.2 we plan to formalize in
future work which gives a construction that builds weighted t-design curves
on odd-dimensional spheres from weighted [¢/2|-design curves on complex
projective spaces would provide such a result. It would also be interesting
to establish lower bounds on the asymptotic order of length of a sequence
of weighted (and, for that matter, unweighted) t-design curves on S% as
d — oo and to prove existence of or explicitly construct sequences achieving
this bound. Finally, providing formulas for more short weighted ¢-design
curves would also be of interest.

In the case of approximate t-design curves, it would be interesting to es-
tablish lower bounds depending on ¢; on the asymptotic order of length of
a sequence of es-approximate t-design curves on S as t — oo or d — oo
and to investigate existence results for or constructions of sequences achiev-
ing these bounds. One subproblem of interest is investigating the existence
of sequences ()72, of e;-approximate t-design curves satisfying ¢, — 0 as
t — oo of arc length £(7;) < t2"~1 on §?" for any n > 1, the asymptotically
optimal arc length of a sequence of (non-approximate) t-design curves on
S§2n+1 - Another avenue of inquiry is determining whether there is potential
for “beautification” processes as in work of Ehler, Grochenig, and Karner
[Section 3] to be used to produce curves satisfying interesting properties
(for example, (non-approximate) t-design curves) from the curves produced
as in Theorem 1.8. The creation of more specific examples of approximate
t-design curves for beautification and direct approximation purposes is also
a potential area of interest. Combining Theorem 1.8 with constructions of
t-design sets on CP" [17, 20, Tables 3 and 9.2] or S? = CP! [2, 16, 32|
gives many such examples. Further directions of inquiry are discussed in
Subsections 6.1 and 6.2.

6.1. Hybrid t-designs. Hybrid t-design were recently introduced by Ehler
to be triples (X,7,p) of a finite subset X C S? a continuous, piecewise
smooth, closed curve v : [0,1] — S with finitely many self-intersections,
and some p € [0, 1] such that

PN el [ an
|X%(f”+e<v>/7f fure
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for all f € P,(S%) [11, Definition 4.1]. The construction of Theorem 1.8
takes inspiration from the construction of Kénig which builds a ¢-design set
on S¢ by placing the vertices of a regular (¢ + 1)-gon on the preimages of
the complex projective map II : S¢ — CP" associated to a |t/2]|-design
set Y on CP" [18, Corollary 1]. Picking such Y alongside any yo € Y, we
take X( to be the union of the vertices of a regular (¢ + 1)-gon on each
element of Yy, := Y \{yo} and 7o : [0, 1] — yo to be the smooth closed curve
which traces around the great circle o C S¢. Then, the proof of Konig [18,
Corollary 1] (or equivalent proofs of other authors who later discussed this
phenomenon [19, 21]) may be directly used to show that (Xo, 70,1 —1/|Y])
is a hybrid t-design. We may also see that (Xo,70,0) and (Xg,70,1) are
not hybrid ¢-designs for ¢ > 1. In the former case, we may see this because
(X0,70,0) being a hybrid ¢-design is equivalent to vy being a ¢t-design curve
and this is impossible since 7y has image a great circle and thus can not be
a 2-design curve. In the latter case, we may see this because if (X, 70,1)
were a hybrid ¢-design, that would imply that II(Xo) = Yo =Y \ {0} were
a t-design set, which is impossible since Y is a t-design set. This combined
with any construction of a |t/2]-design set on CP" [17, 20, Tables 3 and
9.2] or S? = CP* [2, 16, 32] gives a construction of a hybrid ¢-designs on S¢
whose constituent sets and curves are not t-design sets and ¢-design curves
respectively. Similarly, this combined with results on the asymptotic sizes
of t-design sets on complex projective spaces as t — oo [14, Theorem 2.2]
shows that there exist sequences of such hybrid ¢-designs with non-extremal
balancing constants whose constituent point sets and curves have asymptotic
orders of size and length t%~! and 1 respectively.

This construction is one example of a general strategy for providing straight-
forward examples of hybrid ¢-design curves communicated by Remark 6.1
which directly follows from the fact that the vertices of a regular (¢ + 1)-gon
on S! are a t-design set on S*.

Remark 6.1. Consider d € N, t € N, a hybrid 0-design (X,~,p) on S,
s > t, and a plane P C R¥! which intersects S? in a circle such that
~([0,1) N P = S% N P alongside a continuous, piecewise smooth, closed,
surjective (or empty) curve yp : [0,1] — ([0,1]) \ (S? N P) with finitely
many self-intersections and the vertices Xp of a regular s-gon on S¢ N P.
(X,v,p) is a hybrid t-design if and only if (X U Xp,vp,p + 27/4(7)) is a
hybrid t-design.

A theorem [11, Theorem 4.2(i)(iii)] of Ehler states that the triple of the set
{(0,0,—1)}, the curve s — (21/2cos s,2v/2sin s, 1)/3, and the balancing con-
stant 1/4 constitutes a hybrid 2-design, while the set {(0,0,1),(0,0,—1)},
the curve s — (coss,sins,0), and the balancing constant 1/3 constitutes a
hybrid 3-design. In addition to being apparent from direct computation [11,
Theorem 4.2(i)(iii)], these results can be verified from Remark 6.1 combined
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with the facts that the vertices of a tetrahedron and of an octahedron con-
stitute 2 and 3-design sets respectively on S2. Generalizing these results to
arbitrary dimension d € N using Remark 6.1, as the vertices {v; flill of a
regular simplex constitute a 2-design set on S%, we see that the triple of the
set {vi}f;l, the curve s + S? which traces around the unique circle con-
taining {v1, v2,v3}, and the balancing constant 1 — 3/(d + 1) constitutes a
hybrid 2-design, and since the vertices of a cross-polytope {:l:ei}?ill ({e,}f;rll
an orthonormal basis for R%T!) constitute a 3-design set in S?, we see that
the triple of the set {j:e,-}?;)l, the curve s — (coss,sins,0,...,0), and the
balancing constant 1 —2/(d + 1) is a hybrid 3-design.

6.2. Design submanifolds. It was noted in Subsection 4.1 that it is pos-
sible to adapt the methods of this work to produce copies of S% and S7
embedded in spheres which approximately average degree at most ¢ polyno-
mials on spheres from ¢-design sets on quaternionic projective spaces, the
octonionic projective lines, and certain lower-dimensional spheres. To for-
malize objects such as these, we introduce the notion of a (e, ¢)-approzimate
P-design submanifold of a smooth manifold M and a subspace P C L(M),
which we define to be an immersed almost everywhere smooth submanifold

N C M such that
c/ fdwN—/ fde’§€
N M

for all f € P, where wy and wjs are the volume forms on N and M respec-
tively, normalized such that wy(N) = wp (M) = 1. When € = 0, we say that
N is a P-design submanifold. When P,(M) is a prescribed notion of polyno-
mials on M (for example, when P;(M) is the space of diffusion polynomials
(eigenfunctions of the Laplace-Beltrami operator) or algebraic polynomials
(polynomials arising from an embedding of M into Euclidean space) on M),
we say that N is a (g, ¢)-approximate t-design submanifold of M. And fi-
nally, we may also call N a (e, c)-approximate t-design N -submanifold on
M, where the latter N is understood to be the homeomorphism class of N
(so, for example, t-design curves would be ¢-design S'-submanifolds).

(13)

supf’
M

It is possible to use a variety of principal bundles to produce constructions of
(e, ¢)-approximate t-design submanifolds. In general, applying the methods
of this work to any bundle which gives rise to a result analogous to Lemma
4.1 provides such a construction.

In addition to this, constructions involving principal bundles can be used to
produce (non-approximate) t-design submanifolds. One example of such a
construction is the result of the present author [22, Theorem 1.3] presented
in the weighted setting in Theorem 2.2 which was used to prove existence
of asymptotically optimal ¢-design curves on S3. As mentioned in Section
6, this construction generalizes to a construction which builds weighted t-
design curves on odd-dimensional spheres from weighted |¢/2]-design curves
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FIGURE 6. A 3-design T2-submanifold of S® = R U {oo}.

on complex projective spaces which we plan to formalize in future work,
but it also generalizes further to a construction capable of building a P-
design submanifold of the total space M of a principal bundle 7 : M —
N satisfying certain conditions from a IP-design submanifold A and an
almost everywhere smoothly varying P \Trq(m)—design submanifold on 7! (x)
for each x € A. Future work may explore P-design submanifolds which arise
from this construction.

ACKNOWLEDGEMENTS

The author would like to thank Henry Cohn, Tom Mrowka, and Karlheinz
Grochenig for helpful comments and discussions. The author would also
like to thank the School of Science, the department of mathematics, and
the Office of Graduate Education for the MIT Dean of Science fellowship
for support in their doctoral studies and would like to acknowledge NSF
grant DMS-2105512 and the Simons Foundation Award #994330 (Simons
Collaboration on New Structures in Low-Dimensional Topology) for their
support.

REFERENCES

[1] Sheldon Axler, Paul Bourdon, and Wade Ramey. Harmonic function theory, volume
137 of Graduate Texts in Mathematics. Springer-Verlag, New York, second edition,
2001.

[2] Bela Bajnok. Construction of spherical ¢-designs. Geom. Dedicata, 43(2):167-179,
1992.

[3] Eiichi Bannai and Etsuko Bannai. A survey on spherical designs and algebraic com-
binatorics on spheres. Furopean J. Combin., 30(6):1392-1425, 2009.

[4] Andriy Bondarenko, Danylo Radchenko, and Maryna Viazovska. Optimal asymptotic
bounds for spherical designs. Ann. of Math. (2), 178(2):443-452, 2013.

[5] Anna Breger, Martin Ehler, and Manuel Graf. Points on manifolds with asymptoti-
cally optimal covering radius. J. Complexity, 48:1-14, 2018.



26

(6]
(7l

(8]
(9]
[10]
[11]
[12]

(13]

(14]
(15]

[16]

(17]

(18]

(19]
[20]
21]
(22]
23]

24]

[25]
[26]
27]
(28]

29]

AYODEJI LINDBLAD

Henry Cohn, John H. Conway, Noam D. Elkies, and Abhinav Kumar. The D4 root
system is not universally optimal. Ezperiment. Math., 16(3):313-320, 2007.

Ronald Cools. Constructing cubature formulae: the science behind the art. In Acta
numerica, 1997, volume 6 of Acta Numer., pages 1-54. Cambridge Univ. Press, Cam-
bridge, 1997.

Ronald Cools. An encyclopaedia of cubature formulas. volume 19, pages 445-453.
2003. Numerical integration and its complexity (Oberwolfach, 2001).

Philippe Delsarte, Jean-Marie Goethals, and Johan J. Seidel. Spherical codes and
designs. Geom. Dedicata, 6(3):363-388, 1977.

Travis Dillon. Fixed-strength spherical designs. Preprint, arXiv:2502.06002, 2024.
Martin Ehler. Hybrid ¢-designs. Preprint, arXiv:2502.07720, 2025.

Martin Ehler and Karlheinz Grochenig. t-design curves and mobile sampling on the
sphere. Forum Math. Sigma, 11:Paper No. €105, 25, 2023.

Martin Ehler, Karlheinz Grochenig, and Clemens Karner. Geodesic cycles
on the sphere: t-designs and marcinkiewicz-zygmund inequalities. Preprint,
arXiv:2501.06120v1, 2025.

Ujué Etayo, Jordi Marzo, and Joaquim Ortega-Cerda. Asymptotically optimal designs
on compact algebraic manifolds. Monatsh. Math., 186(2):235-248, 2018.

Carl Friedrich Gauss. Methodus nova integralium valores per approximationem inve-
niendi. Commentationes Societatis Regiae Scientiarum Gottingensis Recentiores.
Ronald H. Hardin and Neil J. A. Sloane. McLaren’s improved snub cube and other
new spherical designs in three dimensions. Discrete Comput. Geom., 15(4):429-441,
1996.

Stuart G. Hoggar. t-designs in projective spaces. European J. Combin., 3(3):233-254,
1982.

Hermann Koénig. Cubature formulas on spheres. In Advances in multivariate approzi-
mation (Witten-Bommerholz, 1998), volume 107 of Math. Res., pages 201-211. Wiley-
VCH, Berlin, 1999.

Greg Kuperberg. Numerical cubature from Archimedes’ hat-box theorem. SIAM J.
Numer. Anal., 44(3):908-935, 2006.

Vladimir I. Levenshtein. Designs as maximum codes in polynomial metric spaces.
volume 29, pages 1-82. 1992. Interactions between algebra and combinatorics.
Ayodeji Lindblad. Designs related through projective and hopf maps. Preprint,
arXiv:2310.12091, 2023.

Ayodeji Lindblad. Asymptotically optimal t-design curves on S°. Preprint,
arXiv:2408.04044, 2024.

H. N. Mhaskar, F. J. Narcowich, and J. D. Ward. Spherical Marcinkiewicz-Zygmund
inequalities and positive quadrature. Math. Comp., 70(235):1113-1130, 2001.

Eva Milkova. The minimum spanning tree problem: Jarnik’s solution in historical
and present context. In 6th Czech-Slovak International Symposium on Combinatorics,
Graph Theory, Algorithms and Applications, volume 28 of Electron. Notes Discrete
Math., pages 309-316. Elsevier Sci. B. V., Amsterdam, 2007.

Ivan P. Mysovskikh. Interpolyatsionnye kubaturnye formuly (Russian) [Interpolational
cubature formulas]. “Nauka”, Moscow, 1981.

Takayuki Okuda. Relation between spherical designs through a Hopf map. Preprint,
arXiv:1506.08414, 2015.

Paul D. Seymour and Thomas Zaslavsky. Averaging sets: a generalization of mean
values and spherical designs. Adv. in Math., 52(3):213-240, 1984.

Sergel L. Sobolev. Vwedenie v teoriyu kubaturnykh formul (Russian [Introduction to
the theory of cubature formulae]). Izdat. “Nauka”, Moscow, 1974.

Sergei L. Sobolev and Vladimir L. Vaskevich. The theory of cubature formulas, vol-
ume 415 of Mathematics and its Applications. Kluwer Academic Publishers Group,



(30]
31]

32]

33]

ASYMPTOTICALLY SHORT GENERALIZATIONS OF ¢-DESIGN CURVES 27

Dordrecht, 1997. Translated from the 1996 Russian original and with a foreword by
S. S. Kutateladze, Revised by Vaskevich.

Arthur H. Stroud. Approzimate calculation of multiple integrals. Prentice-Hall Series
in Automatic Computation. Prentice-Hall, Inc., Englewood Cliffs, NJ, 1971.
Vladimir Tchakaloff. Formules de cubatures mécaniques a coefficients non négatifs.
Bull. Sci. Math. (2), 81:123-134, 1957.

Robert S. Womersley. Efficient spherical designs with good geometric properties. In
Contemporary computational mathematics—a celebration of the 80th birthday of Ian
Sloan, pages 1243—-1285. Springer, Cham, 2018.

Yang Zhou and Xiaojun Chen. Spherical t.-designs for approximations on the sphere.
Math. Comp., 87(314):2831-2855, 2018.

DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAM-
BRIDGE, MASSACHUSETTS 02139

Email address: ayodeji@mit.edu



