BOUNDARY DEHN TWISTS ARE OFTEN
COMMUTATORS
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ABSTRACT. For X any complete intersection of even complex dimen-
sion or any connected sum thereof (or, more generally, any space among
certain broad classes of smooth manifolds), we concretely construct dif-
feomorphisms a, ¢ of punctured X rel boundary whose commutator [a, ¢|
represents the smooth mapping class (rel boundary) of the boundary
Dehn twist. This shows that boundary Dehn twists on 4-manifolds
known to be nontrivial in the smooth mapping class group rel bound-
ary by work of Baraglia-Konno, Kronheimer-Mrowka, J. Lin, and Tilton
become trivial after abelianization, generalizing work of Y. Lin, who ap-
plied an argument based on the global Torelli theorem and an obstruc-
tion of Baraglia-Konno to prove that the abelianized boundary Dehn
twist on the punctured K3 surface is trivial.

1. BACKGROUND AND MAIN RESULTS

For a smooth oriented manifold X, we consider the groups Diff™(X) of
orientation-preserving diffeomorphisms of X and mo(Diff* (X)) of smooth
isotopy classes of Diff " (X), called the smooth mapping class group of X.
When X is connected and closed, we denote by X° the complement of
an open ball in X and consider the groups Diff " (X° 3) of elements of
Diff (X°) which restrict to the identity in a neighborhood of the boundary
and 7o(Diff ¥ (X°,0)) of smooth isotopy classes of Diff *(X°, 9) relative to
the boundary (henceforth rel boundary), called the smooth mapping class
group of X° rel boundary. For [a] a generator of m1(SO(n)), a diffeomor-
phism of X° taking (¢,w) — (¢, a(t)w) on a collar neighborhood v(0X°) =
[0,1) x S"~! of X° and restricting to the identity elsewhere has smooth
mapping class §x € mo(Diff 7 (X°,d)) rel boundary which is referred to as
the boundary Dehn twist on X°. Denoting by BDiff"(X°, 9) the classifying
space of Diff T (X°, ), the association 7 (Diff T (X°, 9)) = 7 (BDiff (X °, 9))
gives rise to the abelianization map

b o (DiffT(X°, 9)) — Hy(BDiff ™ (X°,0);Z),

allowing us to consider the abelianized boundary Dehn twist (5%’ on X°. The

study of boundary Dehn twists and their abelianizations is then motivated

by the recent wave of interest in boundary Dehn twists on 4-manifolds

[4, 6, 15, 18, 19, 20, 23, 25, 26, 34, 36] alongside the sustained interest
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in abelianizations of mapping class groups [7, 10, 21, 22, 24, 32, 35] and co-
homology classes of BDiff *(X) [9, 11, 13, 16, 17, 28, 29, 31, 33|, which corre-
spond to characteristic classes of smooth X-bundles. For a simply-connected
closed 4-manifold X, Y. Lin asked whether the abelianized boundary Dehn
twist on X° is trivial and observed that such triviality is equivalent to the
existence of a smooth orientable X-bundle over an orientable closed surface
whose total space is not spin [27, Proposition 2.1]. Y. Lin then applied an
argument based on the global Torelli theorem (via an argument [5, Theo-
rem 1.1] of Baraglia and Konno) and an obstruction [4, Proposition 4.21]
of Baraglia and Konno to prove existence of such a bundle when X = K3,
answering this case of the question in the affirmative. We observed the
following concrete reproof of this result: viewing the K3 surface as the com-
plex hypersurface of P3 cut out by the polynomial 2§ + 2 + 23 + 2223, the
involutions of P? induced by the antipodal map in the zeroth complex coor-
dinate and complex conjugation restrict to commuting smooth involutions
a,c € Diff T (K3) with a shared fixed point [0: 0: 0 : 1] € K3, at which a
and ¢ admit certain local behavior of interest. From such involutions, we
may then construct diffeomorphisms a°, ¢® € Diff " (K3°,9) whose commu-
tator [a°, c°] represents the boundary Dehn twist on K3°. Underlying this
observation is a general concrete construction of such commuting smooth
involutions on all smooth complete intersections (by which we mean com-
plex (n — m)-manifolds cut out in P™ by m < n homogeneous polynomials)
of even complex dimension, on all connected sums thereof, and on further
broad classes of smooth manifolds; we formalize this construction to pro-
vide a broadly applicable concrete realization of the boundary Dehn twist
as a commutator in the smooth mapping class group rel boundary. This is
communicated by Theorem 1.1:

Theorem 1.1 (Main Theorem). Let X be any smooth complete intersection
of even complex dimension or any connected sum thereof (or any other space
among the broad classes of smooth manifolds discussed at the end of this
section). We may construct a®, c® € Diff 7 (X°, ) whose commutator [a°, c°]
represents the boundary Dehn twist 6x on X°.

Theorem 1.1 has the consequence that the abelianized boundary Dehn twist
is often trivial, even on 4-manifolds on which it is known—by work of
Baraglia and Konno [4, 6], Kronheimer and Mrowka [25], J. Lin [26], and
Tilton [36]—that the boundary Dehn twist is nontrivial in the smooth map-
ping class group rel boundary. Specifically, for a simply-connected closed
4-manifold X, it is only known that the boundary Dehn twist on X° is
nontrivial in the smooth mapping class group rel boundary (in which case
it is a relatively exotic mapping class of X° [34, Theorem E]) for X home-
omorphic to the K3 surface [4, 25], for X the once-stabilized K3 surface
K34 (5? x §?) [26], for any X satisfying certain conditions [6, Theorem 1.4]
(principal examples of which include a large collection of complete intersec-
tions and double logarithmic transforms of the elliptic surfaces E(4n — 2)
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[6, Theorem 1.5]), and for X the connected sum K3 # K3 of two K3 sur-
faces [36]. The K3 surface, the once-stabilized K3 surface, the infinitely
many complete intersections satisfying the aforementioned conditions, and
the connected sum of two K3 surfaces are all smooth complete intersec-
tions or connected sums thereof, so Theorem 1.1 gives concrete commutator
expressions for the nontrivial boundary Dehn twists on their punctures in
the smooth mapping class group rel boundary, showing that they become
trivial after abelianization (a fact shown in the setting of the K3 surface
by Y. Lin [27]). In fact, Corollary 4.9 in Subsection 4.5—which is verified
using arguments [6, Subsection 4.2] of Baraglia and Konno—notes that the
boundary Dehn twist on the puncture of any space X satisfying the afore-
mentioned conditions will even have nontrivial image in the abelianization
of the Torelli subgroup of the smooth mapping class group rel boundary,
so boundary Dehn twists on the punctures of complete intersections sat-
isfying these conditions will have nontrivial image in the abelianization of
the Torelli subgroup, despite Theorem 1.1 showing they have trivial image
in the abelianization of the full smooth mapping class group rel boundary.
Furthermore, note that the elliptic surfaces E(n) are natural candidates for
future study of boundary Dehn twists for n even (as this is when E(n) is
spin; the boundary Dehn twist is trivial on the puncture of any non-spin
simply-connected closed manifold [34, Corollary A.5]). As observed in Sec-
tion 3, these spaces belong to another broad class of spaces X for which we
verify Theorem 1.1.

These results have connections to the study of bundles over orientable sur-
faces. Corollary 1.2 communicates the notable consequence of Theorem 1.1
that smooth orientable X-bundles over 72 with spin fibers and non-spin
total spaces exist in some generality:

Corollary 1.2. For X as in Theorem 1.1, we may construct a smooth
orientable X -bundle over T? whose total space is not spin.

Each of the following sections presents and proves a proposition of in-
terest in verifying Theorem 1.1. Section 2 proves Proposition 2.1, which
states that, on any smooth complete intersection of even complex dimension
(in some complex projective space), we may construct commuting smooth
orientation-preserving involutions a and ¢ which exhibit certain behavior of
interest near a common fixed point. Section 3 then proves Proposition 3.1,
which gives the corresponding statement for a more general class of smooth
complete intersections of even complex dimension in products of complex
projective spaces. Our proofs of these propositions imply that these smooth
manifolds typically admit the structure of a holomorphic double branched
cover with a compatible real structure whose branch divisor contains a real
point; in fact, the deck transformation and real structure of any such double
branched cover of even complex dimension also give such involutions a, ¢. For
any 2-fold connected sum of a double branched cover of (real) dimension at
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least 3, we may arrange that the same is true of the natural extension of the
deck transformation to the connected sum and the map exchanging the con-
nected summands. By Proposition 4.1 in Section 4 (which, when dim X > 4,
we combine with Remark 4.2), any such involutions a, ¢ of a manifold X give
rise to an explicit commutator representative for the boundary Dehn twist
on X° in the smooth mapping class group rel boundary, proving Theorem
1.1 when X is any of the aforementioned spaces. Lemma 4.6 then applies
to complete the proof of the theorem altogether, showing it holds when X
is any connected sum of such spaces by verifying that concrete commutator
representatives for the boundary Dehn twists on the punctures of two man-
ifolds of the same dimension at least 4 can be combined to give rise to such
a representative for the boundary Dehn twist on the puncture of their con-
nected sum. Following this, we also observe that the mapping torus of such
involutions a, ¢ will always admit a section whose normal bundle is not spin
to verify Corollary 1.2, then describe how arguments [6, Subsection 4.2] of
Baraglia and Konno can be used to show (as is communicated by Corollary
4.9) that the boundary Dehn twists proved by these authors to be nontrivial
in the smooth mapping class group rel boundary will even have nontrivial
image in the abelianization of the Torelli subgroup, further contrasting the
result of Theorem 1.1.

We omit further examples of spaces to which Theorem 1.1 applies for brevity
and invite the reader to consider settings which may be of interest. In light
of the generality of the theorem, we conclude by restating the motivating
question [27] posed by Y. Lin with a more pointed framing;:

Question 1.3. Does there exist any smooth simply-connected closed 4-
manifold X for which the abelianized boundary Dehn twist 6%7 is nontrivial?

2. COMPLETE INTERSECTIONS

In this section, we prove Proposition 2.1, which shows that any smooth
complete intersection of even complex dimension admits diffeomorphisms a
and ¢ as in Proposition 4.1 (where f is the identity diffeomorphism, and
where we appeal to Remark 4.2 when the complete intersection has com-
plex dimension greater than 2). Combined, these results then give explicit
commutator representatives for the boundary Dehn twists on the punctures
of all such spaces, verifying that Theorem 1.1 holds for X any smooth com-
plete intersection of even complex dimension (and, applying Lemma 4.6, any
connected sum thereof).

Proposition 2.1. Any smooth complete intersection X admits commuting
smooth involutions a and ¢ with a shared fixed point x which respectively act
as the antipodal map in one complex coordinate and compler conjugation
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in suitable complex local coordinates about x (so, a is always orientation-
preserving, while ¢ is orientation-preserving exactly when X has even com-
plex dimension).

We first introduce complete intersections (by which we specifically mean
positive-dimensional complete intersections in complex projective spaces)
in Subsection 2.1, then justify why smooth complete intersections admit
certain especially symmetric presentations in Subsection 2.2, and finally
use the symmetries of these presentations to define the involutions whose
existence Proposition 2.1 communicates in Subsection 2.3.

2.1. Definition and examples. Consider the n-(complex)-dimensional com-
plex projective space P" alongside m < n homogeneous polynomials

p:=(p1,...,pm): C"T1 = C™
of degrees d := (dy,...,dn), so we have
pi(\z) = Mip;(2)
for any z € C"*! and A € C. The set
X = {[] € P" | p(2) = 0}

is well-defined and called the subset of P™ cut out by p. We say a point z € X
is singular when the differential of the map from homogeneous coordinates
on P™ about x to C™ induced by p fails to be surjective at = and that X is a
smooth complete intersection when X has no singular points, in which case
the implicit function theorem shows X will be a complex manifold of dimen-
sion n — m. We assume that any subset X of P" referred to as a smooth
complete intersection has positive dimension n — m > 1. The Lefschetz hy-
perplane theorem [30, Theorem 7.4] gives that any such X will be connected
and, when n —m > 2, simply-connected. Moreover, by an observation of
Thom, a generic choice of homogeneous polynomials of degrees d will cut
out a smooth complete intersection in P" diffeomorphic to X.

For any positive integers n and d, we can see that zg 4+ 4+ sz_l + zn,lz;‘f_l

cuts out a smooth complex hypersurface in P”, which we denote by Xy
when n = 3. We then have that the underlying smooth manifold of X,
is S? x S2, and that of X4 is the K3 surface. In addition, the smooth
manifolds underlying the complex hypersurfaces Xsop,+4 for m a nonnegative
integer congruent to 0 or 1 modulo 3 are among those whose punctures’
boundary Dehn twists Baraglia and Konno showed are nontrivial in the
smooth mapping class group rel boundary [6, Theorem 1.5], as we can see
[12, Exercises 1.3.13(c)(e)] that a smooth complete intersection X cut out
by n — 2 polynomials of degrees di,...,d,—2 in P" has first Chern class
n+1—dy — - —d,—o times a primitive class and signature

1
§(n+1—d%—---—cl%L_Q)dl---dn_g.
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The polynomials cutting out these complex hypersurfaces exhibit symme-
tries (for d even) which we show can be much more broadly realized in
Subsection 2.2.

2.2. Symmetric homogeneous cutting polynomials. We now prove
Lemma 2.2, which shows that any smooth complete intersection is diffeo-
morphic to a complete intersection cut out by polynomials exhibiting certain
symmetries used in Lemma 2.3 to define the involutions whose existence
Proposition 2.1 communicates.

Lemma 2.2. For any positive integer n and finite tuple d of positive inte-
gers, consider a smooth complete intersection X cut out in P™ by polynomials
of degrees d. A generic choice of homogeneous polynomials of degrees d with
only real coefficients whose constituent monomials each have even power of
zo and positive power of some coordinate function other than z, will cut out
a complete intersection in P™ diffeomorphic to X.

Proof. With notation as in the lemma statement, we write d =: (d1, ..., dy,),
so d; is the degree of the ith polynomial cutting out X and m < n, and
set @ = Q1 X -+ X Qp, for Q; the complex vector space of homogeneous
polynomials of degree d; on C"*! whose constituent monomials each have
even power of zg and positive power of some coordinate function other than
zn. For a subset S of P" and A the map taking an m x (n + 1) matrix to
the ("ﬂtl)-tuple of determinants of its m x m minors, we denote by

2(8) == {(q,[s]) € @ x 5[ (a(s), A(dgs)) = 0}
the subset of @) x S cut out by the homogeneous polynomials

(¢, 2) = (q(2), Adg2))
on @ x C"! 3 (q,2), so (q,[s]) € Z(S) exactly when [s] € S is a singular
point of the subset of P cut out by ¢ € (. Considering the projection
2:Q xP" — @, the set D(S) := 2(2(S)) is then exactly the set of ¢ € Q
which cut out a subset of P which has singular points in S. When S is
Zariski-closed in P, @ x S will be Zariski-closed in @ x P", so Z(S) will
be Zariski-closed in @ x P". 2 is proper, so D(S) will be Zariski-closed in
the complex vector space @, and will thus be cut out in @ (whose ring of
polynomials we note is Noetherian by Hilbert’s basis theorem [2, Theorem
7.5]) by finitely many polynomials. Then, writing D := D(P") and denoting
by R the real vector space of elements of () with only real coefficients,
DN R is cut out in R by the real and imaginary parts of the finitely many
polynomials which cut out D in (). Any polynomials which vanish on the
entirety of R must vanish on the entirety of ), meaning that DN R will be a
proper subset of R if D is a proper subset of Q. In this case, because DN R
will be cut out by finitely many polynomials which do not all vanish on all
of R, a generic choice of r € R will lie outside of D. Recalling that » € R
lies outside of D exactly when r cuts out a smooth complete intersection in
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P™ and that such a smooth complete intersection will be diffeomorphic to X
by the observation of Thom that any two smooth complete intersections cut
out in P" by polynomials of the same degrees are diffeomorphic (in fact, even
smoothly ambiently isotopic; this follows from an argument similar to that
which we are now exhibiting), the proof will be complete if we show that D
is a proper subset of (). Noting that a union of two proper Zariski-closed
subsets of @ will certainly still be a proper subset of @, we set

A:={[a)€eP"|a;=---=ap_1 =0}, B:=P"\A,
so we have D = D(A)U D(B). We may thus complete the proof by showing
that the Zariski-closures of D(A) and D(B) are proper subsets of Q.

As A is a Zariski-closed subset of P", the argument presented above shows
that D(A) will be a Zariski-closed subset of (). Therefore, we need only
show that D(A) is a proper subset of Q. Writing ¢4 := (ga1,...,q4,m) for

zi7 d’L — ]_
di—1 di—1 -
qai(2) =R 20 s+ 20 ey + 22 d > 1 0dd
Zgi + zizﬁi‘l, d; even

we can see that g4, € Q; (where, when d; is odd, we note that in light of
the standing assumption that smooth complete intersections are positive-
dimensional we initiated when presenting their definition, we have m < n),
s0 qa € Q. Additionally, denoting by J; ; the Kronecker delta (which equals
1 when 7 = j and 0 otherwise), we can then directly compute in each case
that at any point [a] € A such that g4 ;(a) = 0, we have

094, Oq A ;
gﬁl,z e aqzx:;z] ((I) — [6i,1 e 6Z,m:| X

Therefore, for any [a] € A at least one of the conditions

aa(@) #0, A(d(qa)a) 3 det |52 oG] (a) =140

is satisfied, so g4 & D(A). This completes our proof that the Zariski-closure
of D(A) (which coincides with D(A)) is a proper subset of Q.

We now complete the proof by showing that the Zariski-closure of D(B) is a
proper subset of ). To this end, pick [b] € B, so there exists j € {1,...,n—1}
such that b; # 0. Then, for

qbyi(z) = ((57;7123-11, Ce 6i’mZ;-im) € Q,

we see that the set {gy1(),...,qm(b)} spans C™. Therefore, the kernel of
the linear evaluation map

evp 1 Q — C™, g q(b/b))

has dimension dim ) —m. Denoting by B; the set of all [b] € B satisfying
bj # 0, we then have a morphism

Qx Bj = C™ x Bj, (g, [b]) = (a(b/bj), [b])
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of (trivial) algebraic vector bundles over the Zariski-open subset B; of P".
We then consider the kernel bundles &; — B; of these morphisms for
j € {1,...,n — 1}, which we can observe give rise to an algebraic vector
subbundle & — B of the trivial bundle @ x B — B over the Zariski-
open subset B of P". Notably, we may conclude that the total space &
of this bundle is a smooth subvariety of ) x B, and thus that the projection
9|¢ : & — E is a morphism of varieties over C with nonsingular domain
(in the language of the book of Hartshorne [14, Remark 11.4.10.1]), where
E is the Zariski-closure of F := 2(&) in Q. Therefore, we can apply the
generic smoothness theorem [14, Corollary III.10.7] to see that 2|s will be
smooth on £2|(;1(F \ F) for a proper Zariski-closed subset F of E. As the
fiber 2|.'(q) is exactly {g} times the intersection of the subset of P" cut
out by ¢ with B, D(B) lies in the proper Zariski-closed subset F' of @, so
the Zariski-closure of D(B) is a proper subset of ). In light of our above
proof that the Zariski-closure of D(A) is a proper subset of @ and the fact
that D = D(A) U D(B), this completes the proof that D is a proper subset
of ), which we observed above completes the proof altogether. O

2.3. Involutions of complete intersections. Lemma 2.3 states that any
smooth complete intersection cut out by polynomials exhibiting the symme-
tries of interest in Lemma 2.2 admits involutions as in Proposition 2.1:

Lemma 2.3. For any positive integer n and any smooth complete inter-
section X cut out in P™ by polynomials with only real coefficients whose
constituent monomials each have even power of zy and positive power of
some coordinate function other than z,, the maps

(1) 2] = [—20:21: -z, [2] = [Z]
on P™ respectively restrict to commuting smooth involutions a and ¢ of X

which act as the antipodal map in one complex coordinate and complex con-
Jugation in suitable complex local coordinates about their shared fixed point

0:---:0:1] € X.

Proof. With notation as in the lemma statement, say X is cut out by m
polynomials p. We have that p(0,...,0,1) =0,soz:=[0:---:0:1] € X.
We may consider complex coordinates

iz [zor e 2o i 1]
in a neighborhood of x on P™; the differential of
Dyt 2 (20,5 Zn—1,1),

at 0 € C" is then surjective because X is smooth. Note also that dyp,(0) =
0, as the zg-coordinate of x is zero and the polynomials p, admit decompo-
sitions into summand monomials whose powers of zy are all even (and are,
notably, thus not 1). We may therefore consider a permutation o : C* — C"
of the coordinates of C" fixing the zg-coordinate such that the vectors
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((0i(py 00))(0))"=L are linearly independent. The implicit function theo-
rem then gives that there exists a unique holomorphic map P, defined near

0 such that
(pyp 0 ) (20, - - - s Zn—m—1, Pyp(20, - - ., Zn—m—-1)) = 0,
giving complex coordinates
Yx (2055 Zn—m—1) = (Yo 0)(205- - Zn—m-1, Pyp(20, - - -, Zn—m-1))

about z in X. Now, the commuting smooth involutions (1) restrict to com-
muting smooth involutions a and ¢ of X because the polynomials p cutting
out X admit decompositions into summand monomials whose powers of zg
are all even and because the polynomials have only real coefficients. Then,

(w;{l cao wX)(ZO7 ceey Zn—m—l) = (_205 By .- azn—m—l)a
(w}—(l oco ¢X)(ZO7 R zn—m—l) = (E(]a s 7E’n—m—1)7
exactly as desired. (Il

With X as in Lemma 2.3, observe that the fixed points of a are exactly
XNzl eP"|z0=0}U{[1:0:---:0]}),

so when dim¢ X > 2, the quotient map taking X to X/a will be a holo-
morphic double branched cover with deck transformation a having com-
patible real structure ¢ (whose branch divisor then contains the real point
0:---:0:1]) exactly when [1 : 0 : --- : 0] € X. Noting that we will
have [1 : 0 : --- : 0] € X exactly when any of the polynomials cutting
out X has nonzero coefficient of the monomial with positive power of only
29, we will necessarily have [1 : 0 : --- : 0] € X—and thus that X/a is
singular—whenever all degrees of the polynomials cutting out X are odd.
Otherwise, a generic choice of polynomials as in Lemma 2.2 will cut out a
smooth complete intersection in P™ which does not contain [1: 0 : --- : 0];
this complete intersection can then be given the structure of a holomorphic
double branched cover with compatible real structure whose branch divisor
contains a real point.

As was mentioned in Subsection 2.1, the polynomials described in that sub-
section are all of the form of interest in Lemma 2.3, so we get explicit
descriptions of how involutions of the complete intersections they cut out
which satisfy the conditions of interest in the lemma arise. For example, in
the case that X = X», these smooth involutions (under some identification
X2 82 x 52 C (C x R)?) take

(10, &0, m1,61) = (=10, €0,m1,61), (M0, &0, M1, 61) = (o5 €0, 711, 61)-

We also realize the smooth involutions produced on the K3 surface Xy
from another perspective which may be of interest; we formalize this and
a generalization thereof which covers the setting of the simply-connected
elliptic surfaces E(n) in Subsection 3.3.
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In addition to exhibiting involutions as in Lemma 2.3 on the smooth com-
plete intersections described in Subsection 2.1, Lemma 2.3 can be combined
with Lemma 2.2 to directly give the result of Proposition 2.1, whose proof
was the main purpose of this section.

3. COMPLETE INTERSECTIONS IN PRODUCTS OF COMPLEX PROJECTIVE
SPACES

In this section, we prove Proposition 3.1, which shows that any smooth com-
plete intersection of even complex dimension cut out in some product

Ph i PO s x P (1= (0 0))

of complex projective spaces by polynomials whose multidegrees satisfy a
certain constraint admits diffeomorphisms a and ¢ as in Proposition 4.1
(where f is the identity diffeomorphism, and where we appeal to Remark
4.2 when the complete intersection has complex dimension greater than 2).
Combined, these results then give explicit commutator representatives for
the boundary Dehn twists on the punctures of all such spaces, verifying
that Theorem 1.1 holds for X any such space (and, applying Lemma 4.6,
any connected sum thereof).

Proposition 3.1. Consider a tuple n := (ng,...,n,) of positive integers,
a positive integer m < n :=ng+--- 4+ ny, and an m x (v + 1) matriz d of
positive integers which satisfies

(2) m; =0 or m-—2m; >n—2n;

for some i € {0,...,v}, where m; < n; is the number of odd entries of
the ith column of d. Any smooth complete intersection X cut out in the
product P™ of complex projective spaces by polynomials of multidegrees d
admits commuting smooth involutions a and c with a shared fixed point x €
X which respectively act as the antipodal map in one complex coordinate
and complex conjugation in suitable complex local coordinates about x (so,
a s always orientation-preserving, while c is orientation-preserving ezxactly
when X has even complex dimension).

We first introduce complete intersections in products of complex projec-
tive spaces in Subsection 3.1, then present the fact that these spaces admit
certain especially symmetric presentations analogous to those described in
Subsection 2.2 when they satisfy the constraint (2) in Subsection 3.2, and
finally use the symmetries of these presentations to define the involutions
analogous to those described in Subsection 2.3 whose existence Proposition
3.1 communicates in Subsection 3.3.
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3.1. Definition and examples. Consider a tuple n := (ng,...,n,) along-
side m < n :=mng + - - - + n, multihomogeneous polynomials

pi= (pl,...,pm) . (Cn0+1 N, Cn,,-t—l . cm
of multidegrees d, so we have
d;
Pi(A0z0y .-y Avzy) = o O
for all z; € C ! and \; € C. The set

X ={([z0,---,[2]) € P" | p(20,...,2,) =0}

is well-defined and called the subset of P™ cut out by p. We say a point
x € X is singular when the differential of the map from multihomogeneous
coordinates on P™ about x to C™ induced by p fails to be surjective at x and
that X is a smooth complete intersection in a product of complex projective
spaces when it has no singular points, in which case it will be a complex
manifold of dimension n — m. We assume any subset X of P™ referred
to as a smooth complete intersection in a product of complex projective
spaces has positive dimension n —m > 1. We also restrict ourselves to the
case when all multidegrees cutting out such X have no zero entries: in this
setting, the Lefschetz hyperplane theorem [30, Theorem 7.4] gives that X
will be connected and, when n — m > 2, simply-connected. Moreover, the
observation of Thom applies as in Subsection 2.1 to show that if X is a
smooth complete intersection cut out in P™ by polynomials of multidegrees
d, a generic choice of multihomogeneous polynomials of multidegrees d will
cut out a complete intersection in P™ diffeomorphic to X.

di
I/l7 pi(ZO7 ey ZI/)

Denote by X2, the complex hypersurface cut out by the polynomial
2870p1(21,07 21,1, 22,0, 22,1) + Zg,lpz(zl,o, 21,1, 22,0, 22,1)

in P! x P! x P!, for polynomials p; and py on C? x C? of multidegrees (m,n)
which satisfy the generic condition that they cut out transverse smooth
complex hypersurfaces in P! x P! (for example, taking

; P1(21,0, 21,1, 22,0, 22,1) = 210250 + 2271250 + 3210251 + 721125 1,

3) P2(21,0, 21,1, 22,0, 221) = 210780 + 211780 + 210281 + 21,020 25,
this will be true). The smooth 4-manifolds X (m,n) underlying these com-
plex surfaces make up an important family including the unique (up to
diffeomorphism) simply-connected relatively minimal elliptic surface E(n)
with no multiple fibers and holomorphic Euler characteristic n for m = 2
(and thus including the K3 surface for m = n = 2) [12, Theorem 7.3.3]. The
projection X2, , — P! x P! forgetting the first factor realizes X2.mn as the
minimal resolution of the singular double branched cover of P! x P! with
branch divisor B the union of the transverse smooth complex hypersurfaces
cut out by p; and pp. Denoting by ¥, the surface of genus g, ¢ := ¢4 the
hyperelliptic involution of ¥, (an involution with 2¢ + 2 fixed points Fix(¢))
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FIGURE 1. The hyperelliptic involution ¢ on the surface X, of
genus g, with its 2¢g + 2 fixed points marked. This involution
is central to one realization of the smooth simply-connected
4-manifolds X (m,n) described in Subsection 3.1

~

as in Figure 1, and 7 : ¥y — Pl =~ Y4/t the projection, B has the same
bidegree (2m,2n) as the divisor

B' = (7(Fix(tm_1)) x P U (P! x 7(Fix(t,_1))).

The divisors B and B’ are each reduced and nodal, so work [1] of Atiyah
shows that the minimal resolutions of the singular double branched covers
branched along each divisor will be diffeomorphic to some double branched
covers branched along smooth divisors of bidegree (2m,2n), which will in
turn be diffeomorphic to one another by path-connectedness of the space of
smooth divisors of a given bidegree (as can be seen using Bertini’s theorem
[14, Corollary II1.10.9]) combined with Ehresmann’s fibration theorem [8].
Thus, X (m,n) can also be realized as the minimal resolution of the singular
double branched cover of P! x P! with branch divisor B’. We can then
realize this desingularized double branched cover as the quotient by ¢ x ¢ of
the blow-up of ¥,,_1 X ¥,,_1 at the fixed points of ¢ x ¢ using the map from
this quotient to P! x P! induced by the map

Y1 X Tt = (o1 /t) X (Zno1/t) =P x PL

We describe a pair of involutions of X (m, n) of the form described in Propo-
sition 4.1 from this perspective after developing a general framework for the
production of such pairs on smooth complete intersections in products of
complex projective spaces in Subsection 3.3.

Taking p; and po as in (3), the polynomials cutting out the complex hy-
persurfaces X3, , exhibit symmetries which we show can be much more
broadly realized in Subsection 3.2.

3.2. Symmetric multihomogeneous cutting polynomials. In this sub-
section, we prove Lemma 3.2, which shows that any smooth complete in-
tersection cut out in a product of complex projective spaces by polynomials
whose multidegrees satisfy a certain constraint is diffeomorphic to a com-
plete intersection cut out in that product of complex projective spaces by
polynomials exhibiting certain symmetries used in Subsection 3.3 to define
the involutions whose existence Proposition 3.1 communicates.
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Lemma 3.2. Consider a tuple n := (ng,...,n,) of positive integers, a
positive integer m < n := ng+ -+ + ny,, and an m x (v + 1) matriz d of
positive integers satisfying

(4) mo=0 or m-—2mg>n—2ng,

where mgy < ng is the number of odd entries of the Oth column of d. For a
smooth complete intersection X cut out in the product P™ of complex pro-
jective spaces by polynomials of multidegrees d, a generic choice of multi-
homogeneous polynomials of multidegrees d with only real coefficients whose
constituent monomials each have even power of zgo and positive power of
some coordinate function other than any of 2omng, ..., 2un, will cut out a
complete intersection in P™ diffeomorphic to X.

Proof. With notation as in the lemma statement, we write d =: (dy,...,dp)
for d; :== (dip, - ..,diy), so d; is the multidegree of the ith polynomial cutting
out X. We then set Q := Q1 X --- X @, for @Q; the complex vector space of

multihomogeneous polynomials of multidegree d; on C™*+! x ... x CwH!
whose constituent monomials each have even power of zpo and positive
power of some coordinate function other than any of zg,,,...,2,p,. For

a subset S of P™, we denote by D(S) the set of ¢ € @ such that the subset
of P™ cut out by ¢ has a singular point in S. Arguments identical to those
applied in the proof of Lemma 2.2 show that we may complete the proof by
showing that D := D(P™) is a proper subset of Q). We then set

A= {[ag] €P™ |ag1 = = agpy—1 =0} x {a’}, B:=P"\ (AUC),
C:={[1:0:---:0] € P} x (P” \ {a'})
(P :=P™ x - xP™3([0:---:0:1],...,[0:---:0:1]) =: &),

so we have D = D(A)U D(B) U D(C). Arguments nearly identical to those
presented in the proof of Lemma 2.2 can be used to show that the Zariski-
closures of D(A) and D(B) are proper subsets of @), so we may complete
the proof by showing that D(C) has empty Zariski-interior in @ (in fact, it
can then be straightforwardly shown that the Zariski-closure of D(C) is a
proper subset of @), but we need not formalize this).

We first assume the left-hand condition of (4) holds, so d; ¢ is even for all
i € {1,...,m}. For [c]® € C, we may select S, € {0,...,n,} satisfying
CaB, # 0 for each o € {1,...,v}. Taking

djo _dj dju

Geyi ‘= (QC,i,lv R QC,i,m) for QC,i,j(Z) = 5i7j20,]6021,]bll T Zijbu’

we have that ¢.; € Q and that {g.1(c),...,¢em(c)} spans C™. The proof
that the Zariski-closure of D(C') is a proper subset of ) when the left-hand
condition of (4) holds then follows identically to the proof that the Zariski-
closure of D(B) is a proper subset of @ in the proof of Lemma 2.2.
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Now, assume the right-hand condition of (4) holds. For convenience of
notation, we reorder the rows of the m x (v 4 1) matrix d = (d; ;) so that
d1,0,...,dm,,0 are each odd and dp,541,0,- .-, dm,0 are each even and write

[(z0,---52)]" :== ([20),-- -, [20]) € P
for z; € C**!. Considering
qleQI::le"'meov q,/GQ/,::QmO+1X."XQm7

the subset of P™ cut out by (¢, ¢") will not be singular at [¢]™ exactly when
d(q',q"). has full rank, which is certainly guaranteed when the matrices

g’ ¢’
(5) |:8zg’1 e 820?n0:| (0)7
aq" aq" g’ oq’’
(6) [3;1,0 e —8;,"1 e _azqu,o e az,?,m,] (c)

have ranks mg and m — mg respectively. By the same arguments we applied
above to complete the proof of the lemma when the left-hand condition of
(4) holds, all ¢" € Q" outside of a proper Zariski-closed subset D" of Q" will

cut out a smooth complete intersection Yqu in the Zariski-closure
C:={[1:0:---:0] € P} x PV

of C'in P™ whose intersection Yqu NC with C we denote by X, so we note

(7) dim X, = dim C' —m+mg =n —ng — (m — myo)

when m—mg < n—ng. When m—mg > n—ng, X~ is empty for any such ¢”,
so D(C) would be contained in the proper Zariski-closed subset Q' x D" of
Q. Thus, we may assume m —mg < n—ng. Fixing ¢’ € Q"\ D", the matrix
(6) will then have rank m — mg for all [c|® € X ». Then, considering the
map A taking an mg X ng matrix in C™0" to the (7’:1%)—tuple of determinants
of its mg X mg minors and denoting by

7'(Xqr) =A{(d,[") € @' x Xg» | Alpe(q')) = 0}
the subset of Q' x X, cut out by the homogeneous polynomials
(d',¢) = Ape(d)) on @ x CmHlx ... Cwhl

we will have (¢, [c]”) € Z'(X ) exactly when [c]™ € C is a singular point of
the subset of P cut out by (¢/,¢") € Q. As Z'(X,») is the intersection of its
Zariski-closure in Q' x C with the Zariski-open subset @’ x Cof Q' x C, it is
Zariski-locally-closed and thus Zariski-constructible in Q' xC. Then, consid-
ering the projection 2’ : Q' x C'— Q" and setting D'(X) := 2/(2'(Xy)),
D'(X ) is the image of a Zariski-constructible subset under a morphism of
finite type and is thus Zariski-constructible in @’ by Chevalley’s theorem

[14, Exercise 11.3.19]. Therefore, the dimensions of D'(X ) and 2'(X,)
are well-defined and satisfy

(8) dim D'(X ) < dim 2'(X»).



BOUNDARY DEHN TWISTS ARE OFTEN COMMUTATORS 15

Then, considering the projection 2’ : Q' x C — C and noting that our
above presentation of 2'(X,») shows it is Zariski-closed in the variety Q" X
Xy, denoting by Vi,...,V, the finitely many irreducible components of
2'(Xy), we can see that the restriction 2’|y, : V; — (2/(V;)) is a dominant
morphism of finite-type varieties over C (in the language of the book of
Hartshorne [14, Section 1.3]) for each i € {1,...,v}, where (£/(V;)) is the
Zariski-closure of the image 22'(V;) of V; under &?’. Therefore, we may apply
the fiber-dimension theorem [14, Exercise I1.3.22(b)] to these morphisms.
Combining (8) with the resulting inequalities and (7), we then have

(9) dimD'(X,) <n—mng—(m—mp)+ sup dim 9’@,1()((1”)([0]").

[c]"GXqN

Fixing [c|™ € X, we can observe that
P |ohse ([A™) = o2 (AT10) x {[e]"},

where p. : Q@ — C™0™0 is the linear map taking ¢ € Q' to the mgy x ng
matrix (5). We can see that p. is surjective: as [c]™ € C, we may select
Ba € {0,...,nq} satisfying c, g, # 0 for each a € {1,...,v} such that, for
at least one such «, 5, # no. Then, setting

/ . / / L dg,0—1 di,1 di,v
Aejij = (qc,i,j,la e 7qc,i,j,mo)7 qc,z‘,j,k(z) = 5i,kzo,o 20521 3 " By s
for i € {1,...,mo} and j € {1,...,n0}, we can see that q.,; € Q" and

04,5,k

that —5:2%(c) is nonzero exactly when k = i and | = j. Therefore, with

q = q(’:”, the (k,{)th entry of the matrix (5) will be nonzero exactly when
(k,1) = (i,7), so surjectivity is assured. This shows that

dim Q" — dim C™"™ = dim Kerp, = dim (@’@,I(X //)([c]") — dim A7Y(0),

so directly performing the linear-algebraic computation that
dim C™" — dim A™(0) = ng —mg + 1,

we have
dim 9'@,1()([1”)([6]") =dim Q" —ng +mo — 1.

Combining this equality with (9) and our assumption that the right-hand
condition of (4) holds, we then have that
dim D' (X)) <dim Q" +n — 2ng — (m — 2mp) — 1 < dim Q’,

so D'(Xgr) has empty Zariski-interior in @’. Now, consider a nonempty
Zariski-open subset U of Q. As D" is a proper Zariski-closed subset of Q”,
Q' x D" is a proper Zariski-closed subset of Q' x Q”, so there certainly exists
some (¢',¢") € U not in Q' x D". Fixing such ¢”, the set U N (Q’ x {¢"})
will then be a nonempty Zariski-open subset of @' x {¢”} and thus cannot
be contained in D'(X ) x {¢"}, which in turn contains D(C) N (Q" x {¢"}).
Therefore, we have

Un(Q x{q"}) £ D(C) N (Q x{q"})
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and thus U Z D(C), so D(C) has empty Zariski-interior in Q). As noted
above, this completes the proof that D = D(A) U D(B) U D(C) is a proper
subset of (), which in turn completes the proof altogether. O

3.3. Involutions of complete intersections in products of complex
projective spaces. Lemma 3.3 shows that any smooth complete inter-
section cut out in a product of complex projective spaces by polynomials
exhibiting the symmetries of interest in Subsection 3.2 admits involutions
of the form of interest in Proposition 3.1.

Lemma 3.3. For any tuple n := (ng,...,n,) of positive integers and any
smooth complete intersection X cut out in the product P™ of complex pro-
jective spaces by polynomials with only real coefficients whose constituent
monomials each have even power of zpo and positive power of some coordi-

nate function other than any of 2ong,- - - 2un, . the maps
(lzal; - [20]) = (=200 2 200 1+ 2 20mo )y [21)s -+ [20]),
(lzo]; - [2]) = ([20); - - - [20])

on P™ respectively restrict to commuting smooth involutions a and ¢ of X
which act as the antipodal map in one complex coordinate and complex con-
jugation in suitable complex local coordinates about their shared fized point

(O0:---:0:1],...,]0:---:0:1]) € X.

The proof of Lemma 3.3 is identical to that of Lemma 2.3, so we avoid
reproducing it here. With X (of complex dimension at least 2) as in Lemma
3.3, we may also observe as in Subsection 2.3 that X/a will be singular when
all polynomials cutting out X have odd degree in the zeroth factor, while
otherwise, a generic choice of polynomials as in Lemma 3.2 will cut out a
smooth complete intersection in P™ which can be given the structure of a
holomorphic double branched cover with compatible real structure whose
branch divisor contains a real point.

As was mentioned in Subsection 3.1, taking p; and py as in (3), the poly-
nomials cutting out the complex hypersurfaces Xs,,, are as in Lemma
3.3, providing explicit descriptions of how smooth involutions of the smooth
manifolds X (m,n) as in the lemma arise. Recalling the hyperelliptic involu-
tion ¢ of the surface X, of genus g alongside the construction of the smooth
4-manifold X (m,n) described in Subsection 3.1 as the quotient by ¢ x ¢ of
the blow-up of ¥,,_1 X X,,_1 at the fixed points of ¢+ X ¢, we may also con-
struct such involutions from this perspective. To this end, we consider an
orientation-reversing involution r on Y, which commutes with ¢ such that,
about each fixed point of ¢, there exist complex coordinates on X, such that
¢ and r act as the antipodal map and complex conjugation respectively (as
will be true taking ¢ and r as in Figures 1 and 2). It is then straightforward
to extend the involutions ¢ x id and r X r to the blow-up of ¥, _1 X ¥,,_1 at



BOUNDARY DEHN TWISTS ARE OFTEN COMMUTATORS 17

FIGURE 2. An orientation-reversing involution r of the sur-
face X, of genus g, suitably compatible with the hyperelliptic
involution ¢ visualized in Figure 1 to allow for the construc-

tion of involutions a and ¢ as in Lemma 3.3 on X = X (m,n)
from the perspective described in Subsection 3.3

the fixed points of ¢ x ¢. Since the resulting involutions commute with ¢ x ¢,
they descend to commuting smooth involutions a and ¢ of X (m,n). These
involutions then satisfy the properties of interest in Proposition 4.1, where
we take x to be the image in X (m,n) of any fixed point of ¢ x r.

In addition to exhibiting involutions as in Lemma 3.3 on the smooth com-
plete intersections Xs ,, ,, as in Subsection 3.1, Lemma 3.3 can be combined
with Lemma 3.2 to directly give Proposition 3.1.

4. BOUNDARY DEHN TWISTS AS COMMUTATORS

In this section, we prove Proposition 4.1, which (when f is the identity
diffeomorphism) details a correspondence between diffeomorphisms a°, ¢® of
X° rel boundary whose commutator represents the boundary Dehn twist
on X° and diffeomorphisms a, ¢ of X which admit certain local descriptions
near a common fixed point and whose commutator is smoothly isotopic to
the identity through diffeomorphisms fixing a neighborhood of this point.
This result (alongside Remark 4.2 and Lemma 4.6) is combined with Propo-
sitions 2.1 and 3.1 and the discussion of further spaces X admitting such
diffeomorphisms a, ¢ in Section 1 to give the result of Theorem 1.1.

Proposition 4.1. Consider a smooth oriented connected closed manifold
X of dimension n > 3, local coordinates ¢ : U — R™ on X, and any [ €
Diff * (X)) which restricts to the identity on U. Writing X° := X \~1(B"),
given either of the following, we may construct the other:
e Diffeomorphisms a°,c® € Diff*(X°,9) such that [a°, c°]f|xo repre-
sents the boundary Dehn twist on X°
e Diffeomorphisms a,c € Diff *(X) such that ([a,c]f)|xo is smoothly

isotopic to the identity on X° rel boundary and that, for rp :=
diag(—1,—1,1) and r; := diag(1,—1,—1), we have

(10) Yoaoty ' =ry@I,—3, Yocoy =1, @3
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When n > 5, we apply Remark 4.2 to put the involutions constructed in the
previous sections into the exact form of interest in Proposition 4.1.

Remark 4.2. For X, 9, and f as in Proposition 4.1, consider diffeomor-
phisms a,c € Diff"(X) such that ([a,c’]f)|xe is smoothly isotopic to the
identity on X° rel boundary, a is as in (10), and we have

Yocd ot =r; @ (—Iam) ® In-3-2m

for some m < (n — 3)/2. A smooth path in SO(2m) taking —Is,, to Iam,
directly gives rise to a smooth isotopy from ¢ to some ¢ € Diff " (X) such
that a, c are exactly as in Proposition 4.1.

The boundary Dehn twist on X° has trivial image in the abelianization of
the smooth mapping class group rel boundary exactly when it can be re-
alized as a product of some g € N commutators in the smooth mapping
class group rel boundary. Notably, Proposition 4.1 shows that this will be
the case if and only if there exist a, c € Diff " (X) as in the proposition for f
a composition [ag, c2] - - - [ag, ¢g] of (¢ — 1) commutators of diffeomorphisms
a;,c; € Diff " (X) which each restrict to the identity on U. In fact, gener-
alizing Remark 4.2, it can be shown using elementary linear algebra and
smooth isotopies that we may produce diffeomorphisms a, ¢ € Diff 7 (X) and
a®, c® € Diff ' (X°, ) as in Proposition 4.1 for some such f from the data of
any g pairs of diffeomorphisms a, ¢; € Diff " (X) with a common fixed point

1) 1
x € X such that the composition [a},c]] - - - [ag, cj] of their commutators is
smoothly isotopic to the identity through diffeomorphisms whose differen-
tials each act as the identity at x and such that the sum vy +--- 41, is odd,
where v; € {0,1} is the parity of the dimension of the maximal subspace
of T, X on which all generalized eigenvalues of the differentials d(a}), and
d(c), are negative real numbers. We omit this argument for brevity, but

note it is straightforward.

In Subsection 4.1, we introduce paths in SO(n) whose commutator is a loop
with homotopy class the nontrivial element of 71 (SO(n)). We then use these
paths to formalize the constructions of interest in Proposition 4.1 and prove
the proposition in Subsection 4.2. In Subsection 4.3, we apply the propo-
sition to observe that concrete presentations for the boundary Dehn twists
on the punctures of two manifolds of the same dimension at least 4 given
by products of g € N commutators in the smooth mapping class group
rel boundary can be combined to give rise to such a presentation for the
boundary Dehn twist on the puncture of their connected sum. We then dis-
cuss associations between these results and the study of smooth orientable
X-bundles over orientable closed surfaces which admit sections whose nor-
mal bundles are not spin in Subsection 4.4, and conclude by applying these
associations and arguments [6, Subsection 4.2] of Baraglia and Konno in
Subsection 4.5 to verify Corollary 4.9, which states that the boundary Dehn
twists shown by Baraglia and Konno to be nontrivial in the smooth mapping



BOUNDARY DEHN TWISTS ARE OFTEN COMMUTATORS 19

class group rel boundary [6, Theorem 1.4] even have nontrivial image in the
abelianization of the Torelli subgroup of the smooth mapping class group
rel boundary, despite Theorem 1.1 showing that all such boundary Dehn
twists on punctured complete intersections will have trivial image in the
abelianization of the full smooth mapping class group rel boundary.

4.1. A commutator loop in the special orthogonal group. Consider
cos(mt)  sin(7t) 1
(11) Ry(t) := |—sin(nt) cos(mt) , Ri(t) :== cos(mt)  sin(mt)
1 —sin(7t) cos(rt)
for t € [0, 1], so for 7k, r; as in Proposition 4.1, we have
Rk(O) = Rl(O) = 13, Rk(l) =Tk, Rz(l) =7T;.

Lemma 4.3. Forn > 3, the commutator loop [Ry & I,,—3, R; ® I,,—3] repre-
sents the nontrivial element of m(SO(n)).

Proof. Denoting by
H:=R(i,j)/(i® = j* = -1, ij = —ji)
the quaternions, by Spin(3) the group of unit quaternions, and by
Im(H) :=Ri®Rj &Rk (k :=1ij)
the vector space of purely imaginary quaternions, the map
Spin(3) — SO(3) = SO(Im(H)), ¢ — (v ¢ tvgq)
is the universal cover of SO(3). The paths in Spin(3) defined for ¢ € [0,1] by

Qi (t) := e™/2 and Q;(t) := e™*/? are respectively lifts of the paths Ry, R;
in SO(3), so the commutator path [Q, Q;] is a lift of [Ry, R;]. Now, we have

[Qr(1), Qi(1)] = (—k)(—1)ki = =1 # 1 = [Qx(0), Qi (0)],
so the commutator loop [Rg, R;] must represent the nontrivial element of
m1(SO(3)) = Z/2Z. For n > 3, noting that the inclusion R3 < R™ into the
first three factors induces an isomorphism 71 (SO(3)) = m1(SO(n)), we then
get exactly the desired result. (I

4.2. Boundary Dehn twists as commutators. Consider the setting of
Proposition 4.1. Fixing a,c € Diff *(X) as in the proposition, we now con-
struct a®, c® € Diff 7 (X°, 9) as desired, then present the reverse construction
to verify the proposition. To this end, because [a, | f restricts to the identity
on U, setting v(0X°) := ¢~ 1(BY \ B") (for B? the open ball of radius r
about the origin in R™), ([a, c]f)|xe\,(ax°) Will still be smoothly isotopic to
the identity on X°\ v(0X°) rel boundary. Smoothing the paths Ry & I),_3
and R; ® I,,_3 as in (11) near 0 and 1, we produce smooth paths

(12) Pk, pi = [0,1] — SO(n)
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which both evaluate to the identity near 0 and respectively evaluate to
r,® 1,3 and r;® I,,_3 near 1. We then define a°, c® € Diff 7 (X°, 9) by

a®(x) = (™" o pr(Je()| = 1) 0 ) (2),

() == (¥~ o pi(je()| = 1) 0 ) (2)
when z € v¥(0X°) and

otherwise.

Lemma 4.4. For diffeomorphisms a, c € Diff ¥ (X) as in Proposition 4.1 and
a®,c® € Diff '(X°,0) constructed from a,c as above, [a°,c°]f|xo represents
the boundary Dehn twist on X°.

Proof. As ([a°, c°]f)|xo\waxe) = ([a,c]f)xo\v(axe) is smoothly isotopic to
the identity on X° \ v(0X°) rel boundary, [a°,c°]f|xe will be smoothly
isotopic (rel boundary) to the diffeomorphism of X° which equals [a°, ¢°] on
v(0X°) and the identity elsewhere. Considering the map

¢:v(0X°) = [0,1) x "1,z (JY(x)| — 1, 9(x)/|[h()]),

we can observe that

¢pola®,c]o o7t (tw) — (¢, [k (1), pi(t)]w).

Lemma 4.3 then shows that the homotopy class of the loop [pg, pi] generates
m1(SO(n)), so we can see from the definition of the boundary Dehn twist
presented in Section 1 that the desired result holds. [l

For a°,c® € Diff7(X°,0) as in Proposition 4.1, we now construct a,c €
Diff *(X) as desired to complete the proof of the proposition. We first
consider local coordinates ¢’ : U’ — R™ on X such that ¥/ o ¢p~! is the
standard contraction R"® — B™ alongside f’ € Diff " (X) which restricts
to the identity on U’ and satisfies that f’|xe is smoothly isotopic to f|xe
rel boundary. After smoothly isotoping a° and ¢°, we may also arrange
that these diffeomorphisms restrict to the identity on (¢/)~1(B%) N X° and
that ([a®, c°]f')| X\(/)-1(By) represents the boundary Dehn twist on X \

(¢")~Y(BY). For p, pi as in (12), we then define a,c € Diff 7(X) by
a(z) = ((¢') 7" 0 pr(2 — max(L, [¢/(2)])) 0 9) (2),
c(@) = ()" o pi(2 = max(L, [¢'(x)])) 0 ¥') ()
when x € (¢')~1(B%) and
a(z) :=a’(x), c(z):=c"(x)

otherwise. In light of Lemma 4.4, we then need only show Lemma 4.5 to
complete the proof of Proposition 4.1.
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Lemma 4.5. For diffeomorphisms a°,c® € Difft(X°,0) as in Proposition
4.1 and a,c € Diff'(X) constructed from a°,c° as above, ([a,c|f)|xo is
smoothly isotopic to the identity on X° rel boundary and (10) is satisfied.

Proof. As (10) holds by construction, since f’|xo is smoothly isotopic to
f|xe rel boundary, we need only show that ([a,c]f’)|xe is smoothly isotopic
to the identity on X° rel boundary. To this end, consider the map

¢: () THBE\B) = [0,2) x S"71 @ (|9 (2)] = L9 (2)/ |9 ().
Because we arranged that ([a®, ¢°] f')[x\(y)-1(By) represents the boundary
Dehn twist on X\ (1) ~1(B%), we have from Lemma 4.3 and the definition of

the boundary Dehn twist in Section 1 that ([a,c]f’)|xe is smoothly isotopic
(rel boundary) to the diffeomorphism ¢ of X° which satisfies

$0 9o g 1yxgn1 : (t,w) = (8 [oe(1 — 1), pi(1 — t)]w),
$0 90 iy gyxgn1 : (t,w) = (¢ [ok(t — 1), pi(t — 1)]w)
and acts as the identity otherwise. In turn, we can directly observe that this

diffeomorphism is smoothly isotopic to the identity on X° rel boundary,
completing the proof. O

4.3. Connected sums. We now apply Proposition 4.1 to prove Lemma
4.6, which makes the observation that if the boundary Dehn twists on the
punctures of some manifolds X; and X5 of the same dimension n > 4 can
each be presented as a product of ¢ € N, commutators in the smooth
mapping class group rel boundary, the same will be true of the boundary
Dehn twist on the puncture of the connected sum X := X; # X» (so notably,
whenever the boundary Dehn twists on X7 and X3 both have trivial image
in the abelianization of the smooth mapping class group rel boundary, the
same is true of the boundary Dehn twist on X°).

Lemma 4.6. Fizing n > 4 and g € Ny, for each j € {1,2}, consider a
smooth oriented connected closed n-manifold X; alongside diffeomorphisms
az;, cij € Diff (X7, 0) such that [a;,c};] - - - [ag;, cg;] represents the boundary
Dehn twist on X3. Setting X := X1 # Xo, we may produce diffeomorphisms
aj,c; € Diff*(X°,0) such that [a9,c9]---[ag,c;] represents the boundary

Dehn twist on X°.

Proof. Fixing notation as in the lemma statement and j € {1, 2}, we consider
local coordinates ; : Uj — R" on X; and say X7 = X \1/1]-_1(3"). Writing
fj = lagj, c5] - - - [agj, cgs] for a;; and ¢;5 (i € {2,. .., g}) the diffeomorphisms
of X; which both restrict to the identity on wj_l (B™) and respectively restrict
to a7; and ¢f; (which we smoothly isotope so that each restricts to the identity
on U; N XJO) on XJ‘?, as in Proposition 4.1, we may construct ay;,c1; €
Diff " (X;) such that ([a1;, c15]f5)|xe is smoothly isotopic to the identity on
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X7 rel boundary and that (10) is satisfied for ¢ = 1);, a := ay;, and
¢ = cij. Denotlng by Bl/4( v) the ball of radius 1/4 about v € R" (and
writing By, := BY, 1/4(0)), we consider the connected sum

= (X1 \ 91 (Bl)y)) Ugn-1 X3
alongside the resulting diffeomorphisms a; := a;1 # a;2 and ¢; := ¢;1 # ¢;o for
each i € {1,...,¢g}. Restricting the local coordinates 11 : Uy — R™ on X,
to the set U := ¢, (B 1/4(0 0,0,1/2,0,...,0)) and reparametrizing, we may
produce local coordinates ¢ : U — R” on X such that (10) is satisfied for
a:=ay and ¢ := ¢;. Writing f := [ag, ¢2] - - - [ag, ¢g] and X° := X\~ 1(B"),
we may then observe that f restricts to the identity on X°\ (X7 UX3) (and,
we note, on U) and that ([a, cl]f)|XJc_> = ([a1 , clj]fj)|X]9 is smoothly isotopic
to the identity on X7 rel boundary for each j € {1,2}, so ([a1,c1]f)[x- is
smoothly isotopic to the identity on X° rel boundary. Applying Proposition
4.1 then completes the proof. (I

4.4. Non-spin bundles. For a smooth oriented manifold X, we consider
g € N pairs of diffeomorphisms a;, ¢; € Diff (X ) and a smooth isotopy H
from the composition [a1,¢1] - - - [ag, ¢q] of commutators of these pairs to the
identity. Considering the standard CW decomposition

Sg=e"Ue, Ue, U---Uey Uep Uek

of the surface of genus ¢ with one O-cell €, 2¢ 1- cells ea ,eC , and one 2- cell
e2 47, we first consider the mapping tori X,, — e Uel and Xe, — O U e

for each i, the wedge of which gives an X- famlly over the 1- skeleton of E

We then use H to direct how to extend this family from the 1- skeleton
to the 2-cell, giving rise to a smooth orientable X-bundle Fr g — X, with
monodromy diffeomorphisms F' := (a1, c1, ..., aq,¢4). A common fixed point
x € X of these diffeomorphisms and each diffeomorphism of the isotopy H
gives rise to a section s 7, : Xy — Ep g of the bundle whose normal bundle

we denote by v(sp p.z)-

Lemma 4.7. Consider a; := a,c1 := ¢ € Diff "(X) as in Proposition 4.1 for
[ a composition [az, ca] - - - [ag, cg| of (9 —1) € N commutators of diffeomor-
phisms a;,c; € Diff (X)) which each restrict to the identity on U. Denoting
by H a smooth isotopy from [a1,c1] - - [ag, ¢g) = [a, c]f to the identity through
diffeomorphisms each fizing =1 (B™) and setting x := ¢~(0), we have that
v(Sp,Hz) IS not spin.

Proof. We may observe that the bundle v(spp,) — X, has monodromy
maps

dF, = (d(a1)z,d(c1)z, - - -, d(ag)z, d(cg)z)-
With rg,r; as in Proposition 4.1, we then have that

d(al)x =71 D [,—3, d(cl)x =7;® Ih_3, d(az)m = d(cz)a: =1,
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for i € {2,...,¢9}. Using the paths pg, p; as in (12) to trivialize the bundle
v(spHe) — g over the 1-skeleton of ¥,, we can observe that the bundle
will be spin exactly when the homotopy class of the loop [pg, pi] in 71 (SO(n))
is trivial, which Lemma 4.3 shows is not the case. O

In fact, for any smooth oriented connected closed manifold X of dimension
at least 3, any g € N;, and any smooth orientable X-bundle £ — 3,
which admits a section s : ¥, — E whose normal bundle is not spin, it can
be shown (using arguments resembling those found in work [27, Proposition
2.1] of Y. Lin or those mentioned directly after Remark 4.2) that there exists
a bundle Er g — ¥, with monodromy diffeomorphisms ay,c1,...,a4,¢4 as
in Lemma 4.7 together with a bundle isomorphism ¢ : £ — Er g such that
¢ o s is the section sgp, of interest in the lemma, where H is a smooth
isotopy as in the lemma statement.

For a smooth orientable X-bundle £ — 3, if E' is spin, the normal bundle
of any section s : ¥, — E must be spin. In fact, assuming that X is spin
and simply-connected, the converse is also true. Specifically, the second
Stiefel-Whitney classes of T, and T'X will then vanish because ¥, and X
are spin. Assuming F is not spin, the second Stiefel-Whitney class of TE
will then not vanish. By simply-connectedness of X, we have that £ — X,
admits a section s : £, — E and that H'(X;Z/2Z) is trivial, and the Serre
spectral sequence then gives that the normal bundle of s has nonvanishing
second Stiefel-Whitney class, and is thus not spin. This allows us to simplify
the above statements when X is spin and simply-connected.

4.5. The Torelli subgroup. In this subsection, we review the arguments
[6, Subsections 4.1-4.2] used by Baraglia and Konno in their elegant proof
that many boundary Dehn twists are nontrivial in the smooth mapping class
group rel boundary [6, Theorem 1.4], then discuss how these arguments can
be readily applied to show that these boundary Dehn twists even have non-
trivial image in the abelianization of the Torelli subgroup of the smooth
mapping class group rel boundary. To this end, first consider the diffeomor-
phisms a°,c¢® of D* 2 (S%)° obtained by applying Proposition 4.1 with a
and ¢ the maps 7, ® Iy and 7, @& I on X := S* C R® and ¢ : U — R* appro-
priate local coordinates on X about the point (0,0,0,0,1) € X. Baraglia
and Konno considered diffeomorphisms o7, o4 of D* [6, Subsections 4.1-4.2]
which, in our notation, are respectively smoothly isotopic to a° and c°.
They extended these diffeomorphisms to diffeomorphisms o1, 02 of an arbi-
trary smooth simply-connected closed 4-manifold X D D* by setting them
equal to the identity on X \ D* Note we may then consider the puncture
X° of X such that [01,09]| x> represents the boundary Dehn twist on X°
(though we note to avoid confusion that the point here is different from in
our setting: o1 and o9 do not then restrict to the identity on a neighborhood
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of 0X° and do not give rise to a commutator representative for the bound-
ary Dehn twist on X° in the smooth mapping class group rel boundary).
Baraglia and Konno then assumed for the sake of contradiction that the
boundary Dehn twist on X° is trivial in the smooth mapping class group rel
boundary, giving rise to a smooth X-bundle E — T2 which has monodromy
diffeomorphisms o; and oy and admits a section s : 72 — E whose normal
bundle is not spin. As o1 and o9 act trivially on the second cohomology
of X, Baraglia and Konno observed that the maximal positive-definite sub-
bundle HT(E) — T? of the second cohomology bundle (with R-coefficients)
of E — T? (which is well-defined by contractibility of the Grassmannian of
maximal-dimensional positive-definite subspaces of H* (X)) has vanishing
second Stiefel-Whitney class. These authors then presented arguments [6,
Subsection 4.2] which used the section s alongside certain conditions that
X was then assumed to satisfy to contradict this observation, completing
their proof that the boundary Dehn twists on the punctures of all spaces
X satisfying these assumptions are nontrivial in the smooth mapping class
group rel boundary. Lemma 4.8 results from applying their exact arguments
in wider generality; for clarity, we reproduce these arguments after stating
the lemma.

Lemma 4.8 (Result of arguments [6] of Baraglia and Konno). Let X be a
spin smooth simply-connected closed 4-manifold with signature o(X) congru-
ent to 16 modulo 32 and positive second Betti number b™(X) congruent to 3
modulo 4. Say X admits a spin® structure s whose first Chern class ¢1(s) is
divisible by 32 and whose Seiberg- Witten invariant SW(X,s) is odd. Con-
sider a smooth orientable X -bundle E — B over an orientable closed surface
B whose monodromy action fizes the isomorphism class of s and whose total
space is not spin. The maximal positive-definite subbundle H*(E) — B of
the second cohomology bundle of E — B must have nonvanishing second

Stiefel-Whitney class wo(H ™ (E)).

Proof. Because the monodromy action of £ — B fixes the isomorphism class
of s, a result [3, Proposition 2.1] of Baraglia states that there exists a family
spin® structure sp on the vertical tangent bundle of £ whose restriction
to each fiber Xj is s (under an association X, = X). This fact can be
combined with our assumptions that o(X) = 16 (mod 32) and ¢i(s) = 0
(mod 32) to show, using a computation [6, Lemma 4.1] of Baraglia and
Konno, that the first Chern class ¢i(g) of the family index of the spin®
Dirac operators associated to (E,sg) is congruent modulo 2 to the second
Stiefel-Whitney class of the normal bundle of any section s : B — E. In fact,
as in Subsection 4.4, we may apply simply-connectedness of X and the Serre
spectral sequence to show that there exists such a section s whose normal
bundle will have nonvanishing second Stiefel-Whitney class, so ¢; () ) must
be odd. ¢1 () ) was shown by Baraglia and Konno to be congruent modulo 2
to wa(HT(E)) when X is a closed oriented smooth manifold with b1 (X) =3
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(mod 4) and b;(X) = 0 and when SW(X, s) is odd [4, Corollary 1.3], so since
(X, s) satisfies these constraints, the proof is complete. O

Now, say the boundary Dehn twist on the puncture of some smooth simply-
connected closed 4-manifold X can be represented by some diffeomorphism
of the form [af,¢f]- - [ag,c)] for af, ¢ € Diff *(X°,9). From Proposition
4.1, we get diffeomorphisms a;,¢; € Diff"(X) such that [a1,c1] -+ [ag, ¢g]
is smoothly isotopic to the identity on X through diffeomorphisms fixing
a neighborhood ¥~1(B*) C X as in the proposition. Subsection 4.4 (or
the analogous argument [27, Proposition 2.1] presented by Y. Lin) then
gives rise to a smooth orientable X-bundle £ — ¥, which has monodromy
diffeomorphisms ay, c1,. .., a4, ¢y and non-spin total space. Referring to the

kernel of the natural homomorphism
mo(Diff T (X°,0)) — Aut(H.(X°Z))

as the Torelli subgroup of the smooth mapping class group of X° rel bound-
ary, work [34, Corollary C(1)] of Orson and Powell shows that the Torelli
subgroup exactly consists of elements of the smooth mapping class group of
X° rel boundary whose images in the topological mapping class group of X°
rel boundary are trivial (so, the nontrivial elements of the Torelli subgroup
are exactly the relatively exotic mapping classes of X°). If the smooth map-
ping class (rel boundary) of each diffeomorphism af, ¢ lies in the Torelli
subgroup, each diffeomorphism a;, c; will act trivially on the second coho-
mology of X, and will thus preserve the isomorphism class of s. In addi-
tion, this (and contractibility of the Grassmannian of maximal-dimensional
positive-definite subspaces of HT (X)) also means that the maximal positive-
definite subbundle H*(E) of the second cohomology bundle of E — ¥, will
be isomorphic to the flat bundle with trivial monodromy diffeomorphisms,
so HT(E) will itself be trivial and will thus certainly have vanishing sec-
ond Stiefel-Whitney class. Lemma 4.8 therefore shows that for X as in the
lemma, the boundary Dehn twist on X° cannot be represented by any dif-
feomorphism of the form [af,c{]---[ag, cg], where each af,c} represents a
member of the Torelli subgroup of the smooth mapping class group of X°
rel boundary. This gives Corollary 4.9:

Corollary 4.9. For X asin Lemma 4.8, the boundary Dehn twist on X° has
nontrivial image in the abelianization of the Torelli subgroup of the smooth
mapping class group of X° rel boundary.
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