ASYMPTOTICALLY OPTIMAL ¢-DESIGN CURVES ON S3
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ABSTRACT. Ehler and Groéchenig defined a spherical t-design curve to
be a continuous, piecewise smooth, closed curve on the sphere with
finitely many self-intersections whose associated line integral applied to
any polynomial of degree at most ¢ evaluates to the average of this poly-
nomial on the sphere. These authors posed the problem of proving that
there exist sequences (7¢)§2 of t-design curves on S% of asymptotically
optimal length £(v;) < t*~! as t — co and solved this problem for d = 2.
This work solves the problem for d = 3 by proving that there exists a
constant 4 > 0 such that for any L > €t? and t € Ny, there exists a
simple t-design curve on S® of length L.

1. BACKGROUND AND MAIN RESULTS

A finite subset X C S is said to be a spherical t-design if we have
1 1
e 2 @) = g [ fdo
] 2 7@ = 7571 [,

for all f € P;(S?), where P,(S%) is the space of restrictions to S% of polyno-
mials on R%! of degree at most ¢ and ¢ is the standard uniform measure
on S¢ Said in different language, spherical t-designs are finite subsets of
the sphere which provide equal-weight quadrature or cubature formulas for
polynomials on the sphere of degree at most t. Since their introduction
by Delsarte, Goethals, and Seidel [17], spherical ¢-designs have seen sub-
stantial interest [4, 5, 6, 7, 16, 28, 31, 44] for providing “good” discrete
approximations of the sphere and for their applications and connections
to combinatorics [6, 16], numerical analysis [2, 3, 9, 47], signal processing
[13, 26, 49, 50], quantum information theory [1, 25, 42, 43], and beyond. Nu-
merous important highly symmetric point configurations provide especially
small ¢t-designs [6, 17, 28, 45]; such ¢-designs are of interest for this reason and
for the efficiency afforded by their small size in practical applications. This
motivates the problem of determining the size of the smallest ¢-design on S¢.
For d = 1, this size is t + 1, achieved by the vertices of a regular (¢ + 1)-gon
on S' [17, Example 5.14]. However, for d > 2, even the asymptotic order of
size of the smallest ¢-design on S? as t — oo remained unknown for decades.
This major open problem in the field was finally resolved when Bondarenko,
Radchenko, and Viazovska showed that lower bounds [17, Theorems 5.11,
1



2 AYODEJI LINDBLAD

5.12] on the sizes of t-designs on S are optimal up to a constant Cy for each
d, specifically proving that there exists a spherical t-design on S¢ of size N
for any t € Ny and N > Cyt? [7, Theorem 1].

Curves on spheres have applications to the collection and processing of data
[11, 18, 30, 32, 36, 48] through techniques such as mobile sampling [46], a
method of experimental design in which a single sensor collects data along a
curve (which may be preferable to point-based sampling for reasons includ-
ing cost and potential reductions to the problem of spatial aliasing [14, 46]).
Curves have also been of substantial interest as the focus of natural geo-
metric and physical optimization problems [12, 20, 21, 23, 24, 35, 40] which
can be interpreted as curve-based analogues of discrete-geometric problems
related to the study of t-designs [10, 16, 17, 27, 37]. Motivated by these
applications and connections, Ehler and Gréchenig defined a t-design curve
to be a continuous piecewise smooth closed curve 7 : [0, 1] — S? with finitely
many self-intersections which satisfies

i /f D)l ds = g [ rao

for all f € P,(S?%) [19, Definition 2.1]. These authors established an asymp-
totic lower bound £(7) > ¢4t (¢; a constant depending on d) on the order
of length of a spherical t-design curve v on S¢ for d € N [19, Theorem 1.1]
and called sequences ()72, of t-design curves achieving this bound up to a
constant asymptotically optimal. They then used the results of Bondarenko,
Radchenko, and Viazovska [7, Theorem 1] to show existence of asymptoti-
cally optimal sequences of ¢-design curves on S? for d = 2 [19, Theorem 1.2]
and posed the problem of proving existence of such sequences for d > 2 as
the next question to address in the study of ¢-design curves [19, Section 1].
Theorem 1.1 solves this problem for d = 3:

Theorem 1.1 (Main Theorem). There exists a constant € > 0 such that

for any L > €t and t € N, there exists a simple t-design curve on S of
length L.

We note that applying techniques of Ehler and Gréchenig [19, Sections 4-6]
to a sequence ()52, of t-design curves satisfying () = €%, one may de-
crease the shortest known asymptotic order of length achieved by sequences
of t-design curves on S¢ for d > 3 from t#(d—1)/2 ¢ ¢dld=1)/2-1,

To show Theorem 1.1, we combine a construction communicated by Theorem
1.2 which builds a ¢-design curve on S® from a |t/2]-design curve on S? with
the result of Ehler and Grochenig that there exists an asymptotically optimal
sequence of t-design curves on S2.

Theorem 1.2. Consider t € N and a |t/2|-design curve 8 on S?. For
any € > 0, we may construct a t-design curve yg. on S3 (which may have
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self-intersections for e = 0 but which will be simple for e > 0) of length

) ) = (¢ + 1y 220

for a constant ¢pg € (—m, x| (which is chosen as in (16) and satisfies the
bound (4)).

Theorem 1.3 (Theorem 1.2 of Ehler and Grochenig [19]). There ezists a
constant % > 0 such that for any t € Ny, there exists a t-design curve on
S? of length at most At.

—l—q%Jrs

Taking € := /#?/4 + 472, Theorem 1.1 follows from Theorems 1.2 and
1.3: for any t € Ny and 8 a |t/2]-design curve satisfying ¢(5) < #|t/2],
we will have £(vy5.) < €t* for ¢ = 0, and we may then increase the length
of v as desired by increasing e. We prove Theorem 1.2 in Section 2, then
discuss applications of the construction of Theorem 1.2 and results arising
from natural generalizations of the theorem in Section 3. These applica-
tions include the construction of explicit simple t-design curves on S for
t € {1,...,27}, while related results include the construction of explicit
sequences of asymptotically optimal t-design curves on (S1)?. We then con-
clude with a brief discussion of future applications of the fundamental ideas
underlying Theorem 1.2.

2. BUILDING t-DESIGN CURVES USING THE HOPF MAP

We now give an informal overview of the proof of Theorem 1.2, then present
lemmas used in the proof in Subsection 2.1, and then provide the formal
proof in Subsection 2.2. To this end, consider the Hopf map

(2) T 53 — SQ, (a:l,arg) S (C2 — (|.’131|2 — |1‘2|2,21‘1f2) e R xC,
which gives rise to a principal S'-bundle with fibers
(3) T y) ={z¢[¢e st cCr=st

for y € S? and any x € 7 !(y) [29, Example 4.45]. To build the ¢-design
curve v5. on S% discussed in Theorem 1.2 from a |t/2]-design curve 3 on
52, we first use Lemma 2.1 to lift § to a curve B on S3 satisfying 7 o B =4
whose derivative 3’(s) is always orthogonal to the tangent space of the fiber
7 1(7(B(s))). We then rotate 3 fiberwise so that the concatenation Y8,
of ¢t + 1 appropriately rotated copies of the resulting curve is continuous,
piecewise smooth, and closed and, when € > 0, has no self-intersections and
is lengthened by €. We note that the lengthening of the curve done to ensure
that vg. will be closed results in the constant ¢4 in the formula (1) for the
length of v5.. We may observe from our choice (16) of ¢g that ¢g may be
expressed as a function of the area enclosed by [ using the Gauss-Bonnet
theorem [8, 22]. Additionally, denoting by Gyi1 := {g1 < --- < gr} the set
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of generators of the cyclic group of order ¢t + 1 (natural numbers less than
and coprime to t 4+ 1) and setting gr41 = g1 +t+ 1, we can see that

< — 11— gj)-
(4) @5 t+1 max (9541 ~ 95)

The construction described above will arrange that

(movse)(s) =B((t+1)s — [(t+1)s])
and that

(18.([0, 1) N7~ (m(5,(5)))

is the set of vertices of a regular (¢ + 1)-gon on 7~ (m(v5.(s))) = S* for all
but finitely many s € [0,1], and we may see from Lemma 2.4—the result of
an example [17, Example 5.14] of Delsarte, Goethals, and Seidel—that this
set of vertices is a t-design on the fiber. We show that such a curve will be a
t-design curve on S3 using a method analogous to that first used by Konig
[33, Corollary 1] and Kuperberg [34, Theorem 4.1] to relate ¢-designs on
spheres to |t/2]-designs on quotient complex projective spaces, later used
by Okuda [41, Theorem 1.1] (who was inspired by work of Cohn, Conway,
Elkies, and Kumar [15, Section 4] on the subject) to relate ¢-designs on 3
to [t/2]-designs on S?, and most recently used by the present author [39,
Theorem 1.1] to relate t-designs on spheres to |¢/2]-designs on quotient real,
complex, quaternionic, or octonionic projective spaces or spheres. To this
end, we will present Lemmas 2.2 and 2.3, which were used by Okuda in
formalizing their result [41, Theorem 1.1].

We may observe from this outline of the construction of vz, and the pre-
sentation

‘1<fn):{{ 5 (VIFE ) [ces), e
T He0Ices, el

of preimages of 7w that

52(7’) iB3(r) 2migs+1i0(r) _
(\/l—f-ﬁ T) St )e . Pi(r) #

(0’ 1) 271'1gs+19(7')’ 61(7,.) — _

() pels) =

for r:= (t+1)s—|(t+1)s], g € Gi+1 a generator of the cyclic group of order
t+1,and 6 : [0,1] — R a piecewise smooth function satisfying §(1) — 6(0) €
277 which is continuous at all r € [0, 1] satisfying £1(r) # —1.

2.1. Curves and polynomials related through the Hopf map. We
now present lemmas used in the proof of Theorem 1.2. Lemma 2.1 discusses
how to lift a curve on S? to a curve on S? whose derivative is orthogonal to
the tangent space of each Hopf fiber it passes through, Lemma 2.2 discusses
how an integrable function on S can be averaged by averaging the function
on S? which averages it on each Hopf fiber, Lemma 2.3 relates polynomials
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on S to those on S? and on Hopf fibers, and Lemma 2.4 discusses how the
vertices of a regular (¢ + 1)-gon on a Hopf fiber give a t-design on the fiber.
To show Lemma 2.1, we consider the decomposition

(6) T8 = To(n™ (y) & (To(r~' ()"
for x € S% and y := 7(x) € S?. The restriction
dry : (Ta(n ' ()" — T,
of the differential of 7 at = then has inverse we denote by
ta 2 TyS® = (Tu(n ™} (y)))*
which satisfies
(7) e ote = idr,se, |1a(v)] = ol
where idr, g2 is the identity map on 7,5 2,

Lemma 2.1. Take a continuous, piecewise smooth curve 3 : [0,1] — S? with
finitely many self-intersections. We may construct a continuous, piecewise
smooth curve 3 : [0,1] — S3 with finitely many self-intersections satisfying

(8) B'(s) = 155 (B'(9))
for all s € [0,1] at which [ is smooth and
9) mo 5 =p.

Proof. After potential reparameterization, we may assume that |3’| is nonva-
nishing. Consider § as in the lemma and a partition 0 = sg < -+ < 8, = 1
of [0,1] such that 5 has no self-intersections on each interval I := [s;, Sj+1]
and is smooth on the interior of each such interval. Fixing j € {0,...,m—1},
the restriction 3; := [y, is then a diffeomorphism onto its image (1), so
7~ Y(B(;)) is a smooth submanifold (with boundary) of S®. We define a
vector field V; on 771(B(1;)) 3 = by

(Vi)a = ta(B'(B; " (m(2)))).

The existence and uniqueness theorem for ordinary differential equations
allows us to construct the unique smooth flow

By (B(sy) x Ij = S°
satisfying
9B

(10) Bj(w,s;) ==, g(a’a 8) = (Vi)3,(,s)

for z € 71(B(s;)) and s € I;. For such z, we have

(o Bj)(x,5) = m(x) = B(s;)
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and (7) shows that for any s € I},

A(r o B;) _ 9P,
T(x, s) = dﬂﬁj(%s) e (z,s)
= 475,09 (V1) 0.0))
= BB ( 0 ) 9))):
On the other hand, 8; solves the same ordinary differential equation. By
uniqueness of such solutions, for z € 771(3(s;)) and s € I;, we thus have

(11) (o Bj)(x,s) = B(s).

We note this shows that Ej has no self-intersections since ; has none. Now,
fix 2 € 7 1(3(0)). We consider the curve 3 : [0,1] — S which arises from
flowing along each Bj successively starting at x, so we have 5(0) = z and
B(s) = B}(E(sj),s) for j € {0,...,m — 1} and s € I;. We see since Ej
is smooth and has no self-intersections for each j that B is continuous and

piecewise regular with finitely many self-intersections. Moreover, we directly
see from (10) and (11) that (8) and (9) hold. O

Lemmas 2.2 and 2.3 are concerned with properties of the operator I, which
takes f € L'(S®) to the function

(12 N =5 [, 1do

on S? which gives the average of f on each Hopf fiber (where o is the
standard uniform measure on 7= !(y) = S!) and the pullback ¥ : f + fo(,
of the isomorphism

(13) Go:St =N y), ¢ ad

we consider for z € S and y := 7(x) € S%2. We do not prove these lemmas,
but note that proofs can be found in work of Okuda [41, Lemmas 4.2-4.3]
or of the present author [39, Lemmas 2.2-2.3, 2.5].

Lemma 2.2 (Lemma 4.2 of Okuda [41]). For f € L'(S?), we have
1 1
—ar I fdo ==+ do.
1 S 9= i
Lemma 2.3 (Lemma 4.3 of Okuda [41]). We have
(14) L (Py(S%)) = Pyyja (5%,
(15) GPUS) = PUS") forany xS,
Lemma 2.4 follows from (15) paired with the fact [17, Example 5.14] noted

by Delsarte, Goethals, and Seidel that the vertices of a regular (¢ + 1)-gon
give a t-design on S'.
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Lemma 2.4 (Example 5.14 of Delsarte, Goethals, and Seidel [17]). For any
€S2 and f € P(S®), we have

37 Flae? ) = (1 f)(n(a)).

2.2. Formal treatment of the construction. We now prove Theorem
1.2, applying Lemma 2.1 to assist in constructing the desired curve v . and
using Lemmas 2.2, 2.3, and 2.4 to show that v3. is a t-design curve.

Proof of Theorem 1.2. Consider [ as in the theorem statement, which we
reparameterize so its derivative has constant norm |g’| = ¢(8). Consider
5 as in Lemma 2.1 alongside the generators G4 of the cyclic group of
order ¢ 4 1. Since 3 is a closed curve, (9) shows that 3(0) lies in the image
7= 1(7(B(1))) of the isomorphism G5y @s In (13). Therefore, we may pick
g € Gy41 minimizing |pg| for ¢g € (—m, 7| defined by

(16) '8 = g/g(ll)(B(O))e%ig/(tH) estcc.

With € as in the theorem statement, fix

o 2¢ [4(B)? g2
¢e-—\/¢%+t+1 1 +¢%+ma

so we have

7) VO g JOOF gy £

We may consider the partition 0 = so < -+ < s, = 1 of [0, 1] arising from
the union of {0, 1} with the preimage under § of the self-intersection points

of 8 (and with an arbitrary extra point of (0,1) if 3 is simple, so we have
m > 1). Writing

1 .
5= 5(8]‘_1 + 55+ (sj —sj—1)¢p/de) +0 for je{l,...,m—1},

T'm,s ‘= %(smfl +1+ (1 - 3m~1)¢,3/¢6) - (m - 1)5

for § > 0, we set
. { Tm,0 — Sm—1 }
A = min 1 —=T1,05--+9Sm—-1 — Tm-1,0, — 7
’ K m _ 1
and fix ¢ € [0, A], so we have r;5 € [s;_1, s;] for all j. Setting

m m

Lis=J(sjm1.m0), I-5:=J(rjs:55),

j=1 j=1
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we can directly compute that
00, s] NIy 5| = 1[0, 5] N I 5| = 5j05/dc +2j0 for je{l,....,m—1},
(L1 5] = [I- 5| = b3/ e
Thus, considering the unique continuous function s : [0, 1] — R defined by
05(0) =0, 05(s) ==+¢. for s€ g,
we have that
a8) 05(s;) = sjpp +2jo¢. for je€{0,...,m—1},
05(1) = (|146] — - 5])pe = P35

Defining functions

)= L) = (e 1 - a09)

for s € [0,1], we consider the continuous, piecewise smooth curve
V8,5 1= (B or)ellsert2mea) . [ 1] — &3,
We may directly see that
Ta.5(1) = B(0) = T5,5(0),
so 73,5 is a closed curve. Observe from (9) that
T o865 :ﬂ'ogor:ﬁor,

so 73,5 may only have a self-intersection at a point s € [0,1] if there exists
§ € [0,1] such that r(s) = r(8) or if (s) is a self-intersection point of . If
r(s) = r(3), we have § = s+ k/(t+1) for some k € {—t,...,—1,1,...,t}, so

;?B 6(5) _ g(r(s))ei(ea (r(s))+2mg(q(s)+k/(t+1))) _ 73 6(S)€2wigk/(t+1) 7& ;:);B 6(3)

since g is a generator of the cyclic group of t + 1 elements and thus gk
will not be an integer multiple of ¢ + 1. Therefore, 735 may only have
self-intersections in

85 + k

—1 _ L .
r ({Sj};‘n())—{sj,k-— o ‘jE{O,...,m},k‘E{O,...,t}}.
For any k € {0,...,t}, (18) and (16) show that

Fp.5(sjk) = B(s;)eiGast20042mgk/WH))  for e {0,...,m — 1},
:YB 5(Smp) = §(1>ei(¢[3+27rgk/(t+1)) _ E(O)eZM‘g(k—I—l)/(t—f—l)’

so we can see that there will only be finitely many § € [0,A] such that
vg,s will have any self-intersections. We take vg. := 730 when ¢ = 0.
Otherwise, we have A > 0, so we may pick § € [0, A] such that 755 has no
self-intersections and label 5. := ¥35.
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C~ombining (8), (7), and our assumption that |3’| is constant, we see that
18| = |B|/2 = £(B)/2, so (6) shows that

~ 0(B)?
(19) el = ForyP+l050ryP = 412 (L4 2)
at all points where 3. is smooth. Thus, we have

e

1 T

6(7,3,6) =(t+1)
and (17) then shows that (1) is satisfied.

To complete the proof, we need only to show that for any f € P;(S%),

1 1
f——/ fdo.
C(v8.e) Jrs ™ 19°] Jso

Picking such f, as (19) shows that |y} | is constant and thus equals £(v4.),
we have

1 1 1 1
@) g | =gy Tt s = [ rGaceas

With I as in (12), we then see from Lemma 2.4 and since g is a generator
of the cyclic group of order ¢ + 1 that

(20)

Z J TR E)) = (L f) (n(x)),
k:O

so applying a change of variables s — 327, (9), and that | B’ = ¢(B), we have

t (k+1)/(t+1)
/ F(y8e(s) —Z/k f(y8e(5)) ds

/(t+1)

t
/ Z F(B(s)eiOs(a)+2mak/ 1)) g
0

k:O

- /0 (Lo f) (0 B)(s)) ds

:ﬁ/ﬂlﬂf.

We see from (14) in Lemma 2.3 that Ir f € Py;5/(5?), so since 3 is a [t/2]-
design, (21) and (22) combine to show that

1 1
f=— / I.f do.
vpe) Jyy. ' 192 Js

Lemma 2.2 then shows that (20) is satisfied. O
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FIGURE 1. The 3-design curve 730 on S® = R? U {oo}
as in (23) for 8 the curve which traces around the equator
in S2. 78,0 lies on the Clifford torus that is the preimage
of the equator of S? under the Hopf map; the segment of
the curve on the same side of this torus as the observer is
shown in black and the further segment is shown in gray.
The preimage 7~ !(p) of a point on the equator of S? under
the Hopf map is shown in red. Note that v50([0,1]) N7 ~1(p)
is the set of vertices of a square, a 3-design on 7~ *(p).

3. EXPLICIT ¢{-DESIGN CURVES AND GENERALIZATIONS

We now discuss examples of explicit t-design curves arising from the con-
struction of Theorem 1.2. To this end, observe that the curve [(s) =
(0, cos(27s),sin(27s)) which traces around the equator of S? is a 1-design
curve on S2. Taking ¢t € {2,3} and building v as in Theorem 1.2, we
produce a smooth, simple ¢t-design curve

1
(23) [0,1] = S3, s+ 5(005(2775), sin(27s), cos(27ts) , — sin(27ts))
on S% which we may observe has length 71/2¢t2 + 2. This curve for ¢ = 3 is
pictured in Figure 1.

We can similarly use the construction of Theorem 1.2 to produce smooth,
simple t-design curves on S® for ¢t € {4,5,6,7} from the smooth, simple
2- and 3-design curves discovered by Ehler and Grochenig [19, Example
3.3]. For t € {0,...,27}, we can produce further explicit examples of |[t/2]-
design curves on S? by applying the construction of Ehler and Grochenig [19,
Section 5]—which builds a |t/2]-design curve on S? from a |t/2]-design on
S%2—to the [t/2]-designs on S? compiled by Hardin and Sloane [28, Table
I]. Applying the construction of Theorem 1.2 to these curves then gives
numerous additional examples of simple ¢-design curves on S3.
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P ®- © o

FIGURE 2. 3-design curves on S', S' x S, and S* x S x S!
as in (24). For a [t/2]|-design curve B on S%, y5, as in
Theorem 1.2 can be realized as the composition of such a
t-design curve on S' x S! with a map to 7=(3([0, 1])).

We now discuss results related to Theorem 1.2 concerning ¢-design curves
on spaces other than spheres. Define, for any t € N and n € N4, a t-
design curve on a measure space (X C R"™, 1) to be a continuous, piecewise
smooth, closed curve v : [0,1] — ¥ with finitely many self-intersections
whose associated line integral exactly averages the restrictions of elements
of P,(R™) to ¥ as in the definition of spherical ¢-design curves presented in
Section 1. Consider a t-design curve § on such (X, u). The curve

0,1] =2 xSt s (B((t+1)s— [(t+1)s]),e*™)

can be shown exactly as in the proof of Theorem 1.2 (substituting for the
Hopf map the projection ¥ x S! — %) to be a t-design curve on (¥ x S C
R™"2 ;i x ). As the curve «a : [0,1] — S! taking s +— €>™ is trivially a
t-design curve on S! for any t € N, we see that

7 :[0,1] = St x St s (eQm(Hl)s,eQmS)
is a t-design curve on the Clifford torus S* x S* of length
U(y) =27/ (t+1)2 + 1 < 2mV/5.
We then see that for any d € Ny,
(24) Yea : [0,1] = (Sl)d, 5 (627ri(t+1)d_1s7e27ri(t+1)d_25 o

is a t-design curve on (S')? of length

d—1
f(’yt’d) =27 Z(t + 1)2j < Cg(sq)dtd_l for Cg(sl)d =27 Z 47,
=0 =0

When d > 1, the curves (24) may be lengthened by an arbitrary amount as
in the proof of Theorem 1.2. For any L > (g(sl)dtd_l and any t € N, we may
therefore construct a smooth, simple ¢-design curve on (S')¢ of length L.
We then have, using Theorem 1.3 when n = 2 and Theorem 1.1 when n = 3,
that there exists a constant €'gn, g1y such that for any L > ‘cfsnx(sl)dt"_“rd

and t € N, there exists a (simple, for n = 3) t-design curve on S” x (S*)4
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of length L. A proof of Ehler and Gréchenig [19, Theorem 1.1] can then
be directly generalized to show that all of these curves achieve the minimal
possible asymptotic order of length among such curves as ¢t — oo.

Now, consider n € N alongside the complex projective space
CP" := {[z] |z € S*""! c C""'}  ([z] .= {z¢ | € ST c C}).

We may realize CP" as a subset of C("™)* =~ R20+1* yia the embedding
taking an element [z] € CP" to the matrix za* which projects C"*1 to the
span over R of [z], providing a notion of ¢-design curves on CP". The Hopf
map can then be realized, via the association CP! 2 S2 as the n = 1 in-
stance of the complex projective map S?"*! 5 z + [z] € CP". We note that
the fundamental ideas underlying Theorem 1.2 and the further constructions
discussed in this section reflect a broadly applicable geometric mechanism.
This suggests generalizations of Theorem 1.2 (whose investigation we defer
to future work [38]) which use geometric maps such as the complex projec-
tive map to provide new constructions of t-design curves. Such constructions
may then be useful in providing improved bounds on the asymptotic order
of length (as t — c0) of sequences of t-design curves on S¢ for d > 3.
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